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Abstrakt:

Tato préice se zabyva bezeztratovymi seedy, které byly ptivodné navrzeny pro tucely fil-
tracni faze pii podobnostnim vyhledani v DNA. Nejdiive je studovdna konstrukce seedu
pro ptipad jedné chyby a je uspokojivé vyfesena pomoci hladového algoritmu. Ziskané
vysledky jsou zobecnény pro pripad dvou chyb, nicméné je ukazano, ze stejny algorit-
mus v tomto pripadé neposkytuje asymptoticky optimélni seedy. Daéle je predstavena
myslenka konstrukce seedit pomoci cyklickych pravitek. Jsou zminéna mozna zobecnéni
pro pripad vice chyb. Na zavér je popsan software vytvoreny pro ucely této prace, ktery
se nachazi na prilozeném CD.
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Abstract:

The thesis deals with lossless seeds, which were originally proposed for the purposes
of the filtration phase in the DNA similarity search. The case of designing seeds for
one error is studied first and sufficiently solved using the greedy algorithm. Obtained
results are generalized for the case of two errors, nevertheless, it is shown that the
same algorithm does not provide asymptotically optimal seeds in this case. Further on,
an idea of seed design based on the so-called cyclic rulers is introduced. Possibilities of
generalization for the case of more errors are mentioned. At the end the software created
for the purposes of this thesis, which is given on the enclosed CD, is described.
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Introduction

The following text is divided into six chapters.

1.

Preliminaries

After a short overview about the topic of this thesis, all necessary notation in
the area of combinatorics on words is presented (in particular, free monoids) and
spaced seeds are defined. Then a motivation to use them is demonstrated on an
example of their application for DNA similarity search.

. Lossless seeds survey

This chapter recalls some already known results concerning lossless seeds for the
case of single seed and one hit.

. One error

A necessary and sufficient criterion for solvability in the case of one error is pre-
sented and it is shown how to find optimal seeds using the greedy algorithm.

. Two errors

Incidence matrices for seeds in (m, 2)-problems are defined and their application for
checking the solvability of (m,2)-problems by given seeds is described. Combina-
tion of greedy algorithm with this approach provides very good seeds, for low m’s
even optimal, however, not asymptotically optimal. An approach based on cyclic
rulers is introduced including a conjecture that optimal seeds can be obtained using
this approach.

. More errors

Possibilities of generalization of the results from the previous chapter for the case
of more errors are summarized.

. Software

Software created for purposes of this thesis is described. Source code can be found
on the enclosed CD.
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CHAPTER 1

Preliminaries

In this chapter, we describe our motivation to study lossless seeds and men-
tion some common applications. We describe a structure called free monoid,
which is the basic tool for handling strings mathematically. Then we provide
a rigorous definition of lossless seeds and terms connected to them. Finally,
we show how lossless seeds can be used for mapping to a reference genome.

Molecular biology is one of the fastest growing fields of science. For instance, methods
of DNA sequencing have been greatly improved throughout the last years. One of the
results of this rapid development are huge nucleotide and protein sequence databases.
Searching in these huge databases is still a very challenging problem. Well-known and
very efficient string matching algorithms developed mainly for searching in text databases
are too slow when applied to larger databases, therefore, computer scientists are currently
looking for new methods and algorithms. One of these methods that has already proven
its value uses a so-called seeding technique.

Seeding is based on the simple idea that if two strings of the same length are similar,
i.e., they differ only in few characters, they must share an exact pattern, the so-called
seed. A seed is a string consisting of joker symbols - corresponding to either a match or
a mismatch, and match symbols #.

For example, if two strings of length 15 match within two errors, the shared patterns
are, e.g., #—##-——#-## and #####. The second one is the longest possible contiguous seed
in this case. This also demonstrates the advantage of spaced seeds in comparison with
contiguous seeds; for the same task, we can find spaced seeds of higher weight (weight
is the number of occurrences of # in the seed).

There are two basic applications of seeds:

i) sequences alignment, where we detect potential similarity regions, i.e., those
sharing the patterns; then we check whether the corresponding alignment meets our
requirements;

ii) approximate string matching, which is described bellow.

Since classical algorithms for text searching within few errors are slow, filtering is a
widely used approach how to improve efficiency. It consists of two phases:

11



Chapter 1. Preliminaries

1. the filtration phase: application of a filter which very quickly excludes highly dis-
similar pairs of strings;

2. the verification phase: slower checking whether the few pairs passing the filtration
phase are really within the given number of errors.

Efficiency of a filter is measured by two parameters:

o sensitivity: measures ratio of false negatives (i.e, pairs filtered out despite of they
should be passed);

o selectivity (specificity): measures ratio of false positives (i.e, pairs which passed
the filter despite of they should be filtered out), aim is to minimize it.

In the context of lossless search, we require sensitivity to be maximal, i.e., we do
not allow any false negatives, therefore, only the selectivity parameter matters. Let us
remark that lossy search seems more interesting from the practical viewpoint since a
small diminish of the sensitivity can significantly improve the selectivity. Nevertheless,
in several applications we require lossless search and this case is studied in this thesis.

We suppose that letters in strings are i.i.d., hence we consider the Bernoulli model
of matching, i.e., probability of a single character match is p and of a mismatch 1 — p.
It is readily seen that higher weight of a seed implicates also better selectivity.

Combinatorial design of lossless seeds with high weights remains a challenging prob-
lem. In this work, we propose new methods for it.

1.1 Summary of articles

Let us briefly summarize basic papers in the field of lossless spaced seeds. In this thesis
we study only the case of a single seed and one hit.

This framework is proposed for the first time in [l]. Many new ideas for lossless
spaced seed design and the first results concerning the asymptotic properties of seeds
appear in [3]. Hardness of optimal spaced seed design is studied in [6]. An exhaustive
study of asymptotic behavior of optimal seeds is provided in [5]. An example of practical
usage of lossless seeds can be found in [7]. Usage of mathematical objects called perfect
rulers to construct seeds is presented in [§].

For completeness, let us mention that the case of more hits of a single seed is studied
in [[I] and the generalization to the case of (disjunctive) multi-seed families and more
hits is presented in [B]. A very recent paper [9] introduces an approach for multi-seed
families design based on the number theory.

The idea of lossy seeds appears in the PatternHunter program ([2]) for the first time
and it is used in several other popular programs (e.g., [4]).

A list of all articles about (both lossy and lossless) spaced seeds is regularly main-
tained in [10]. Note that the number of these papers has already exceeded one hundred.

1.2 Free monoid (A", ")

An alphabet is a finite non-empty set A = {ag,ay,...,a4_1}. Its elements are called
letters. A string S is a finite sequence over A. The number of letters in the string S is
called length of S and we denote it by |S|. A special case is the unique string of zero

12



1.3. Similarities and lossless seeds

length called empty string and denoted by €. Let us denote the number of occurrences
of a letter a € A in the string S by |S],.

A* is the set of all strings over A and A" is the set of all strings over A except e.
A™ is the subset of A* containing all strings of length n. A" is the set of all infinite
strings, i.e., infinite sequences over A.

We can equip the sets A* and A" with a binary operation called concatenation: if
S=58y5 5,1 and T =TyT,---T,_;, where S;,T; € A, then

S . T — Sosl Sm—lTOTl "‘Tn_l.

If there cannot be any misunderstanding, the symbol - is omitted.
We obtain:

o the free semigroup (A™,-);
o the free monoid (A*,-) with the neutral element e.

A string U is a substring of a (possibly infinite) string S if S = TUV for some T' € A*
and V € A*UAN. In the case T = ¢, we say that U is a prefiz of S. Similarly, if V = ¢,
then U is a suffir of S. By §“ = 555 - we denote repetition of the string .S infinitely
many times.

1.3 Similarities and lossless seeds

Now we define rigorously lossless seeds, similarities and (m, k)-problems.

Definition 1. A string over the alphabet {#,-} is called a seed. The letter # is called
the solid position symbol and the letter - is called the joker symbol.

Remark 1. In many papers, there is used a different definition of seeds. Authors often
require that every seed @) must also satisfy that the first and the last symbol is #.

Definition 2. For a seed () we define two basic functions:

e span of the seed @) as its length, i.e.,
s(Q) == [Ql;

o and weight of the seed ) as the number of occurrences of the solid position symbols
in the seed, i.e.,

w(Q) = |Qly-

Definition 3. A similarity is a string over the alphabet {0,1}. A similarity L of length
m such that|L|, = k is said to be (m, k)-similarity.

For a given m and pairwise distinct indices 0 < ig,7q,...,75_7; < m, we use for
(m, k)-similarities the following notation:

. ) _J 0 ifje{ig,ig,esip )
(L[zo""’lk*1]>j _{ 1 otherwise.

13



Chapter 1. Preliminaries

Definition 4. Consider two strings S and T of length m. We define similarity of strings
S and T as a string L(S,T) of length m, which satisfies

(L(S,T), =1 <+ S =T,
(L(S,T)), =0 &  S;#T,

for all i € {0,1,...,m — 1}.

Definition 5. Consider a seed @ of span s and an (m, k)-similarity L such that s < m.
We say that the seed @ detects the similarity L at position ¢ € {0,1,...,m — s} if for all
j€40,1,...,s— 1}, it holds

Ezxample 1. A similarity 0110110111101 is detected by the seed #-#--#-# at positions 2

and 5.

0110110111
# - # - - # - #
# - # - - # - #

1 01

Definition 6. A seed @ is said to solve an (m, k)-problem for some m and k if it detects
the all possible (m, k)-similarities.

Remark 2. The number of all possible (m, k)-similarities is (7).

Observation 1. If a seed @ solves an (m, k)-problem for some m, than it solves also
every (m’, k)-problem for all m’ > m.

Definition 7. Given an (m, k)-problem. A seed @) of weight w and span s such that
s < m is called optimal, if it solves the (m, k)-problem and all other seeds solving the
(m, k)-problem have lesser or equal weight.

In stringology various kinds of distances (let us say between some strings S and
T) are defined. They are usually based on the minimal number of steps necessary to
transform S to T. The most common distances are:

e the Hamming distance, where the step is a replacement of an individual character;

o the Levenshtein distance, where the step is either a replacement, an insertion, or
a deletion of an individual character.

In this text, we consider only the Hamming distance.

Definition 8. For two strings S and T of equal length, the Hamming distance dg,,,, (S, T')
is defined as the number of differing positions, i.e.,

dHam<S7T) = #{Z | Sz # Tz}
Now we can connect the solvability of (m, k)-problems with the similarity search.

Proposition 1. A seed @ solves the (m, k)-problem if and only if it detects a similarity
L(S,T) of any two strings S and T of length m with dy,,,(S,T) < k.

14



1.3. Similarities and lossless seeds

Proof. The seed @ solves the (m,k)-problem < @ detects all (m, k)-similarities < Q
detects all (m, k’)-similarities for all k¥ < k < Q detects L(S,T) for any strings S and
T of length m such that dy,,, (S, T) < k. O

Ezxample 2. The (4,1)-problem is solved, e.g., by the seed ) = #-# as follows from
examining of all L[i] similarities:

string S: ¢ ¢ t g
stringT: a ¢ t g
similarity L[0]: 0 1 1 1
seed @ : # - #
string S: ¢ ¢ t g
stringT: ¢ t t g
similarity L[1]: 1 0 1 1
seed Q: # - #
string S: ¢ ¢ t g
stringT: ¢ ¢ a g
similarity L[2]: 1 1 0 1
seed Q : # - #
string S: ¢ ¢ t g
stringT: ¢ ¢ t a
similarity L[3]: 1 1 1 0
seed Q: # - #

To decide whether a seed @ solves an (m, k)-problem, where 0 < k < m, is an NP-
hard task, hence the worst case complexity is at least exponential in the size of input,
which is O(s(Q) + m) or O(s(Q) + log(m)) in the case of unary or binary notation,
respectively.

Theorem 1 ([6, problem of non-detection]). The problem to decide whether a seed @
solves an (m, k)-problem is strongly NP-complete, i.e., NP-complete even when integers
are represented in the unary notation.

To complete the list of basic terms, we mention a definition of the so-called cyclic
(m, k)-problems.

Definition 9. We say that a seed @ of span m solves the cyclic (m, k)-problem if for
every (m, k)-similarity L, there exists some 7 € {0,1,...,m — 1} such that 0,(Q) detects
L, where

0; ¢ {_7#}71 - {_,#}n
denotes the i-th cyclic shift, i.e.,

oi(toly = tp_1) =titiiq - tp_qtotiq,
for t; from the alphabet {-,#}.
Ezample 3. The seed @Q = ####-#-—- solves cyclically the (9,2)-problem. For every

(9, 2)-similarity, consider, for instance, L = 011101111, we can find an appropriate cyclic
shift of Q.

01 1101111
- # - - - # # # #

15



Chapter 1. Preliminaries

1.4 Application of lossless seeds for mapping to a reference
genome

To conclude this chapter, let us mention one of the basic applications of lossless seeds
— the similarity search in DNA.

Consider that we have a reference genome G of length n over the alphabet Apna =
{c,t,a,g}. Consider the following task: for every S € {S,,Sy,...,5,_1} of words from
AN a»> Where m << n, find all positions p such that

dHam(GpGp+1 -G S) <k (11)

p+m—1>

for some fixed k. In other words, for all S; find similar substrings of G.

In our approach, we use a seed solving the (m, k)-problem (if it is possible, the optimal
one), let us say @, of span s and weight w. Then we define a map Y : AL A = ABNaA
as

T(W> = WiOWil "'Wiw,

17

where 15 < i; < - <1,,_; are indices of #’s in the seed.

We create an index of G based on a hash table. We iterate through G, take all its
substrings F' of length s and store the position (let us say ) of the substring F' in the
genome G to the line T(F') of the table.

To perform the similarity search of a string S in the genome G, we take all substrings
V of S of length s. For each V' (in S is at position j), we look into the hashtable on
the line T(F') and pick up all the indices i. Then we check whether the substring of G
of length m corresponding to the indices 4, j is in the required Hamming distance to .S,
i.e., if equation (llj) holds for p = i — j. We demonstrate the whole procedure on the
following example.

Example 4. Consider the task of searching strings of length 11 up to 2 errors in the string
G = ggtagaggctaggccaag
of length 18.

1. Index building
For this purpose, we take an optimal seed ) = ##---## and create the hash table.

position ¢ | substring F' | T(F) Y(F) | positions i

0| ggtagag ggag

agaa | 10
L| gtagagg | gtgg a 5

gag

2| tagaggce | tagc aget |3
3 agaggct agct J

ctec |8
4 gaggcta gata

gata |4
5 aggctag agag =

gcge |7
6| ggctagg | 9999

ggag | 0,11
7 gctaggc gcge

9999 | 6
8 ctaggcece ctec

gtgg |1
9 taggcca taca

taca |9

10 aggceaa agaa
tage | 2
11 ggccaag ggag

16



1.4. Application of lossless seeds for mapping to a reference genome

2. Searching

(a) A successful search

Now we want to find occurrence of a string similar to the string
S = gacgctagacc

of length 11.

position j | substring V' | T(V)
0 gacgcta gata
1 acgctag acag
2 cgctaga cgga
3 gctagac geac
4 ctagacc ctee

The only candidate is
j=0, gata ~ gata, i =4;
which corresponds to the substring
G,G5 - G4 = gaggctaggce.

The final step is verification that the Hamming distance of both strings is less
or equal to 2. In this case, it is really 2.

S =
GGy =

t
t
1

=l
=l
ol o
—le
o o
= 2
=l @
ol
o o
=0 O

Hence we have found a substring of G similar to S:
ggtagaggctaggccaag.

An unsuccessful search
Now consider the string
S = gttgatggtag

of length 11.

position j | substring V' | T(V)
gttgatg gttg
ttgatgg ttgg
tgatggt tggt
gatggta gata
atggtag atag

= w N = O

Again, we have only one candidate:
7j=3, gata ~ gata, i =4;

17



Chapter 1. Preliminaries

which corresponds to the the substring
G1G4 - G141 = gtagaggctag.

Nevertheless, the Hamming distance of the strings is 3.

S= gt t gat g gt ayg
GGy =gt agaggectag
1101 1 010111

Thus we have not found a substring of G similar to S.

18



CHAPTER 2

Lossless seeds survey

This chapter summarizes published results concerning lossless seeds for the
case of single seed and one hit. First some simple transformational properties
of seeds are mentioned. Afterwards, we recall asymptotic properties of seeds.
The last paragraphs are devoted to usage of perfect rulers for (m,2)-seed
design.

We begin with this remark: good lossless seeds and lossy seeds show different features
in some sense. While lossy seeds are usually very random with no visible structure, many
of high quality lossless seeds seem to be quite regular.

2.1 Some basic properties

Let us present some general properties of seeds as described in [3].

Lemma 1. If a seed @ of span s solves an (m, k)-problem and ¢ = m — s, then every
substring 7" of @ of length ¢ solves the (¢t + ¢, k)-problem.

Transformation between certain (m, k)-problems can be performed using the regular
expansion and the regular contraction.

Definition 10. Let @ be a seed of span s. Its i-th regular expansion is a seed P =1 Q )
of span i(s — 1) + 1 such that

- otherwise.

{ Q; forall je{0,i,2i,..,i(s—1)},
PJ = k2

Ezample 5 (Regular expansion of the seed (Q = ##-#-###).

1® Q = ##—#-###t

2Q Q = #-—#———H#———#-#-#

3@ Q = #——#-————#—————H——#——#

4®Q = #———#-—-——— e #o——tt———#t

19



Chapter 2. Lossless seeds survey

Lemma 2. 1. Ifaseed @ solves an (m, k)-problem, then the (im, (i+1)k—1)-problem
is solved both by the seed ) and its i-regular expansion i ® Q.

2. If a seed Q¥ = i ® Q solves an (im, k)-problem, then @ solves both the (im, k)-
problem and the (m, | £ |)-problem.

2.2 Asymptotic properties

Asymptotic properties of seeds are studied in [3] and [5]. In what follows, we select the
most important results.

The first paper provides only the asymptotic bound on w when k is fixed and m
goes to infinity, whereas the second gives powerful theorems with various asymptotic
relations. Some of the variables (such as m, k, the number of jokers, w) are fixed and it
is studied what the other variables must satisfy.

First let us shortly recall the asymptotic notation used in this section. Consider two

functions f(z4,...,z,) and g(x4, ..., z,,) defined on some subset of (Rj)™. Then we say
that:
o f(xq,...,2,) € O(g(xq,...,2,)) if there exist positive constants ¢, and ¢ such that

Vie{l,...,n}(z; >cqg) = flaqg,...,z,) <cg(xq,...,2,);

o flzyy.,m,) € Qg(zq,...,x,,)) if there exist positive constants ¢, and ¢ such that

Vied{l,...,n}(z; >¢cy) = flzq,...,x,)>cg(zq,...,2,);

e f(zq,...,2z,) € O(g9(xq,...,2,)) if both the following conditions are satisfied:

2.2.1 Maximization of the weight when the number of errors is fixed

We begin with the paper [3], which has initialized study of asymptotic properties. The
authors describe the asymptotic behavior of the optimal seeds in the case of cyclic
(m, k)-problems with fixed k£ and then modify it to (m, k)-problems.

Lemma 3. For a fixed positive k, let w(m) denote the maximal weight of the seeds
solving the cyclic (m, k)-problem in dependence on m. Then the following holds:

m—w(m) € @(m%)

Remark 3. In the proof of this lemma, an explicit construction of asymptotically optimal
seeds is presented. As it is an important result, we recall it here.

Let us consider the cyclic (m, k)-problem for given m and k. Let us denote B = |—m%-| .
Then we construct the following seeds, from which we create the final seed Q.

20



2.2. Asymptotic properties

Q(O) = prefix of (—#Bfl)w of length m,

QW) = prefix of (—B#B(B-1))% of length m,

Q) = prefix of (=B'#B'(B-1))* of length m, (2.1)
length B+l

Q1) = prefix of (—B"'#B" " (B-1)"  of length m.
The desired final seed Q is obtained from the seeds Q(9), ..., Q*~1) as a “# conjunc-

tion” (“~ disjunction”) of these seeds, i.e.:

i @)y, =
Vi e {07 1,...,m— 1} : QZ = {# if /\jE{O,l,...,k—l} KQ ’ >z #] ) (2.2)

- otherwise.

Ezample 6. Consider the cyclic (40, 2)-problem. Then B = 7.

QUO) = —t - S -
QY = B
Q =--————- BRI - R

Ezample 7. Consider the cyclic (40, 3)-problem. Then B = 4.

QO) = ittt — A - A -
QU = R - — —— R — —— —
Q® = - BRRR R
[ —— T T T S—— #i#

From the properties of cyclic (m, k)-problems follow the properties of (m, k)-problems.
One can transform the tight bound on optimal seeds given in Lemma J to a tight bound
on m—w(m) for (m, k)-problems, when k is fixed, as it is stated in the following propo-
sition.

Proposition 2. For a fixed positive k, let w(m) denote the maximal weight of the seeds
solving the (m, k)-problem in dependence on m. Then the following holds:

m—w(m) € @(mk%>

In the proof, the authors use Lemma E in the following way. For given m and k,
they find appropriate constants p and s. Then they construct a seed solving the cyclic
(p, k)-problem and find a substring of P“ of length s of the highest possible weight (for
more details on pattern repeating, see Section ﬂ, in particular, Lemma {f). Finally they
prove that for a fixed k, one obtains the mentioned bound.

As a corollary of the proposition, we obtain a simple criterion that can be used to
show that a given algorithm does not provide asymptotically optimal seeds.

Corollary 1. Let k be fixed. Then for both cyclic (m, k)-problems and (m, k)-problems,
it holds

lim —— = 1. (2.3)
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2.2.2 Maximization of the weight when the number of errors varies

Stronger results on asymptotic properties of seeds are obtained in [p]. First we recall
two theorems, which concern the function w(m, k).

Theorem 2. Let w(m, k) denote the maximal possible weight of the seeds solving the
(m, k)-problem. For every k < §log, m, it holds that:

m—w(m’ k) e {0 (km:%> %f k < IOglogm,
(9<mm> if k > loglogm,
m—w(m, k) € Q (mﬁ> .

Note that Proposition E can be obtained from Theorem E easily.

Remark 4. Again, there appear an explicit seed construction in the proof. The idea is
almost the same as in the method described in Remark E

Let us consider the (m, k)-problem for given m and k. Let us assign B = [mk%lJ
and s = m—QZf;lBi.

Then let us compute seeds Q@, QM) ..., Q*~1) using the formulae (El]) with two

small changes — we replace B by B , and m by s. Hence the produced seeds are of span
s. The final seed Q is obtained from Q©, Q™M) ..., Q*~1) again by (@)

Ezample 8. Consider the (48,2)-problem. Then B = 3 and s = 24.

QO = - R RR -8
QW) = R - —— 8
Q = ————#H- R hh - ———#H

Theorem 3. Let w(m, k) denote the maximal possible weight of the seeds solving the
(m, k)-problem. For every k > £ log, m, it holds that:

w(m, k) € O (%log m) ,

w(m, k) € Q <%log %) .

2.2.3 Maximization of the number of errors

Now let us consider the task when the number of jokers, length of the seeds, and m are
given, and the question is how many errors can be detected using some seed at most.

Proposition 3. Let the number of jokers g be fixed. Let k(m, s, g) denote the maximal
number of errors k such that there exists a seed @ of span s and s —w(Q) = ¢ solving

the (m, k)-problem.
c0 (max (1, g)) .

Then
Proposition 4. Let k(m, s, g) denote the maximal number of errors k such that there
exists a seed @ of span s satisfying s — w(Q) = ¢ and solving the (m, k)-problem. For
every integer r > 1, if s — w(Q) < s

2g+1 m

g+1 s

k(mv 579) -

™, then
k(m,s,g)—r- % € 0(1).
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2.3. Periodic seeds

2.3 Periodic seeds

Equipped with the results on the asymptotic properties of seeds, let us ask the following
question. Can be the asymptotic bound on optimal seeds reached by repeating a fixed
pattern?

First recall under which circumstances such repeating is possible. The following
lemma exactly corresponds to the first part of Lemma 3 in [3].

Lemma 4. If / > 0 and a seed P of span p = £+ 1 solves the cyclic (p, k)-problem, then
every substring @ of P“ of span s solves the (s + ¢, k)-problem.

As follows from Corollary E], the answer to the question is negative since, for optimal
seeds, thenumber of occurrences of # ynygt tend to 1. Nevertheless, in the case of a repeated
pattern P, it tends to “S’E;:)) < 1. However, one can change and extend the repeated
pattern with growing m. This approach is studied in Section @

The last lemma is presented just for completeness and, again, it follows from Lemma 3

in [3]. It gives us a tool how to verify the cyclic (m, k)-solvability of a seed.

Lemma 5. Consider a seed P of span p such that PP solves a (3p — 1, k)-problem for
some k. Then P solves the cyclic (m, k)-problem.

2.4 Perfect rulers

An interesting method of seed design based on the so-called perfect rulers is presented
in [8]. The authors suggest a straightforward way how to extend perfect rulers to seeds
solving (m, 2)-problems. Pairs of errors in shorter distances are detected inside the seed,
whereas for the cases of pairs of errors with longer distances, the seed is moved to the
left or the right.

Definition 11. A seed @ over {#, -} of span s is said to be complete ruler if every other
complete ruler of the same span has lesser or equal weight.

Remark 5. If a seed () of span s is a complete ruler, then Qo = Q,_; = -.

Definition 12. A complete ruler R of span r is called a perfect ruler if there is no
complete ruler of the same span with higher weight. We denote ¢(d) := d + 1 — w(R),
where R is an arbitrary perfect ruler of span d + 1.

Ezample 9. Rulers as defined above have a simple analogy to rulers from everyday life.
We demonstrate a perfect ruler of span 14, ——####-##-#-#—-, and a classical one in
Figure R.1|. If we use -’s for markers, we can measure all integer distances from 1 to 13.

Remark 6. Perfect rulers (known also as difference bases) were studied in deep in the

field of discrete mathematics. It was, e.g., proven that

(2(d)
d

lim
d—+oo

€ [2.424,3.000].

In general, perfect rulers are difficult to find with an exception of Wichmann rulers, the
complete rulers W,.  of the form of

_ _rt+lyr_(42r_N\r(44r+2_ 2r+1_\r+1_nr
W, = =TT (2T (2o (2 e (2.4)

23



Chapter 2. Lossless seeds survey

|==1==1==l==l==]==]==]==|-=|-=|-=]-=]-=]  “classical” ruler

01 2 3 4 5 6 7 8 9 10 11 12 13

- - % # # # - # # - # - # -
Rl [-——————- | ————- | ————- | perfect ruler
| 1] 5 | 3 | 2 | measured distances
| 6 | 7 |
| 8 | 4 |
| 9 |
I 10 I
| 11 |
I 12 I
| 13 |

Figure 2.1: A perfect ruler and a “classical ruler”, both of span 14 (thus they measure
distances from {1,2,...,13}).

which are famous for being perfect. For a Wichmann rulers W, it holds

,q)

S(Wyq) = A(r + 1)% + g(dr +3)
s(W,. o) —w(W,. ) =4r+q+3.

,r.fq
More details can be found in [[11]

When having a perfect ruler R, the authors suggest adding #’s to the beginning and
the end of R in order to obtain a better seed ). Then they find out for which minimal
mg, the seed @ solves the (mg,, 2)-problem.

The following theorem provides basic estimates on m’&? The upper one holds for
wrapped complete rulers, whereas the lowers hold for arbitrary wrapped seeds with no
restrictions. The estimates imply that, from practical point of view, it does not make
any sense to take s; > r —1 and s; > r — 1 since then m would be required to be too
big.

Theorem 4. Let
Q = #50 R#°1, (2.5)

where R is a seed of span r.

1. If R is a complete ruler and max(sg,s;) < r— 1, then
mg < 2-5(Q) —1—min(sg, 51).

2. If max(sg,s;) > r—1, then
mg = 2-5(Q).

3. If min(sy, s;) > r—1, then
mg = 2+ s(Q) + min(sg, sq).
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2.5. Summary

This theorem can be used for (m,2)-seeds construction. For a given m, we consider
seeds @ of the form of (@) with perfect rulers R of spans r satisfying

m + min(sg, s;) + 1
2 Y

max(sg,s,) <r—1 and s(Q) <

from whose we choose some of those with the highest weight.

2.5 Summary

Lossless seed design still remains an unsolved task. The mentioned methods do not
provide satisfying algorithms for generating seeds of enough weight. The asymptotic
properties of seeds are known very well and the statements provide an insight on how
the optimal seeds must look like, and immediately exclude, e.g., repeating a fixed pattern.

The idea of perfect rulers seems to be interesting from theoretical point of view. It
enables to design seeds from mathematical structures which have been studied in other
branches of mathematics. However, experiments show that the obtained seeds have
lower weights than those constructed, e.g., using the greedy algorithm introduced in
Section #.2. Moreover, the methods based on greedy algorithm have much better time
complexity than methods based on perfect rulers, since the perfect ruler design is known
to be NP-hard. On the other hand, the method could be significantly improved if we
connected some more complicated left and right strings instead of the simplest strings
of the form of #---#, which are the only connected strings studied in the original paper.

The idea of rulers appears also in the following chapters, nevertheless, cyclic rulers
(defined in Section §.3) seem to be a better alternative for (m, 2)-seed design than perfect
rulers are.
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CHAPTER 3

One error

In this chapter, we study systematically the (m, 1)-problem, which is simple
to handle. However, to the best of our knowledge, the necessary and sufficient
criterion presented here has never appeared in any paper. Note that only
some properties of (m, 1)-seeds are mentioned in [3].

Let us fix m and consider the (m,1)-problem. Let us have a seed @ of span s. We
denote £ = m — s, hence @@ can be located at £ + 1 different positions. If we consider all
possible L[i] similarities, we obtain the following criterion.

Theorem 5. Let s and m be positive integers such that m > s and @Q be a seed of span
s. Denote £ = m — s. Then the seed @ solves the (m,1)-problem if and only if it does
not contain #°*1 as a substring.

Proof. =: For a contradiction suppose that it contains #¢*! and it solves the problem,
ie., for all j € {0,1,...,s — 1} the similarity L[j] is detected. Find an index
i € {0,1,....,8 — ¢ — 1} such that Q;Q;.1Q;., = #*"1. Then the similarity
L[i + ] cannot be detected by @, which is a contradiction.

«: Consider a similarity L[i], where ¢« € {0,1,...,s —1}. If i € {0,1,....,¢ — 1} or

i€ {s—{ls—L+1,..,s—1}, then L[i] is detected by @ at position ¢ + 1 or

0, respectively. Otherwise, there must necessarily exist j € {0,1,...,¢} such that

S;_; = -, hence the seed @) detects the similarity L[] at position j. O

Ezample 10. Consider the (10,1)-problem and seeds Q1) = #-#-##-# and Q1? =

#-#-#### of span 8. As follows from Figure El!, the seed Q) solves the problem,
whereas Q) does not since it contains ###.

It is readily seen from Theorem E that, for given m and s, some of the best seeds
can be designed using greedy algorithm — we place the symbol # ¢-times, then we put
the symbol - once. These steps are repeated until we reach the end of the seed.

An optimized version of this procedure appears in Algorithm m From all candidates
proposed by the procedure, one for each s € {2,3,...,m — 1}, the best one (having
the highest weight) is chosen. The algorithms finds an optimal seed solving the (m,1)-
problem for a given m. It has both time and space complexity @(m). Remark that the
number of occurrences of - in the seed for a specific s is | == |-
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Chapter 3. One error

# - # - # # - #
# - # - # # - #
QW : # - # - # # - #
# - # - # # - #
v Vv vV vV vV Y v v v
# - # - # # # #
# - # - # # # #
Q2 : # - # - # # # #
# - # - # # # #
v vV vV v v v v X Vv Vv V

Figure 3.1: Example of seeds solving and not solving the (10, 1)-problem.

seed

#

##

#H##

#Hit##
#HH#H
#H##H-#
H#H—HH#
#H#-H#H#-##
#-#-#-H#-#

© 00U WN R®
=R W Ul N1 00O
S I = I i N U N

Table 3.1: Results of the greedy algorithm for the (10, 1)-problem. The seeds of the
highest weight are highlighted.
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function getHeaviestM1Seed (m):
// variables for the best seed
5:=0;
w = 0;
for s=1,2,....m—1do
// weight of seed of span s
wi=s— Lm—ss+1J;
if w > w then
// we have found a better
seed
= S;

21 ™

= w7

end

end

// §— W is the number of
occurrences of — in the best
seed

return prefiz of (#75-)5"% of

length s;
Algorithm 1: Function returning the heaviest (m, 1)-seed

Ezample 11. Consider the (10,1)-problem. Algorithm E] returns the first seed, Q =
###-##, from the candidates with the highest weight (displayed in Table B.1)).

Optimal seeds for different (m,1)-problems can be found in Table @ Note that
there are only those obtained by the greedy algorithm

29



Chapter 3. One error

seeds

w| g

#it#
##-#
#-H#-#

#H#-H##

##H##
HH#H#H-#
H#H#-H##-
H-#-#-#

HH##-H##
HH#-#H#—#

10

HHH-H#HH
HH-HH-HH#

11

HH#HH-HH
HH#H-HHH#-
HHE-HH-HH#-

12

H#HH-HH#H
HHH-HHH-H#
HE-HA-HH-#

13

HHHH - HHHH
HHH-HHH-#H#
HH-##-##-##

14

HUH A H

15

HHUHSH - H A
HHHH-HERH-#
HUH -
HH-##-HH-HH-#

16

10

HEHHH-HHHHH
HHuHH - HAHH - HH
HHH-HHH-HHH-H#
HH#—HH-HH-HH-#H#

17

11

HHUHH - HARHH - H R
HHH-HHH-HHH-#H#

18

12

HHHH-HEHH-HARH
HH#H-HHH R

Table 3.2: Optimal seeds for (m,1)-problems obtained by the greedy algorithm.
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CHAPTER 4

Two errors

In this chapter, we introduce the so-called “Laser method” based on incidence
matrices of seeds, which provides a necessary and sufficient condition for
(m, 2)-problems solvability. Then we study properties of seeds obtained by
the greedy algorithm, and propose designing seeds based on the so-called
cyclic rulers. We conclude with a conjecture stating that all optimal seeds
can be constructed from the cyclic rulers.

4.1 Laser method

Having a criterion for (m,1)-seeds given by Theorem B, which enables to find optimal
(m, 1)-seeds quickly, we would welcome a similar criterion for (m, 2)-seeds.

The criterion for (m, 1)-seeds is very simple since we do not have to consider positions
of errors appearing concurrently. For the case of two errors, our aim is to generalize
Theorem f in the most straightforward way. It is natural that, since we have one
dimension more, the criterion might be two-dimensional in some sense. To consider
similarities L[i, j| detected by a given seed, we define a so-called incidence matrix of the
seed.

Before introducing the definition of the incidence matrix we need an auxiliary map

¢
Definition 13. For a string W of length n over {#, -}, we define a map

¢:{0,1}™ — {0,1}™*"

as
1 ifW,=-AW, =~
W)). = v J ’
(9 )>”3 {0 otherwise,
where the indices 7 and j are taken from {0,1,...,n — 1}.

Definition 14. We define the incidence matriz of a seed @ of span s in the (m,2)-
problem as

Mg = (-*Q-*),

where ¢ = m — s.
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Chapter 4. Two errors

Ezample 12. Consider the (10, 2)-problem and the seed @) = #--#---#. Then:

O DO OO OO O oo o
OISO OO OO OO oo o
OO OO OO OO oo o

RO, R RO RFOIF -
— = O === O O
_— =IO === O = O
— RO R R RO O
— = O === O = O
— = O === O O
— RO R R RO RO
O = == O == O
— RO, R RO~ O -

(e
o
o
—

The basic properties of incidence matrices are summarized in the following observa-
tion.

Observation 2. An incidence matrix MQ satisfies MQ = (MQ>T and

0, l—17 0, l—1 ]
Mq [ 0,..,0—1 ] = Mq [ m,....,m++0¢—1 ] N

- m,..,m+£—11 m,...m+4£—1
_MQ[ 0,...,0—1 ]_MQ[m,... Je

where J, denotes the ¢ x ¢ all-ones matrix and

(MQ)iy5e  (MQliy,g, - (Mg)iy g,

M [ 1.0,211,--~J.7~_1 ]: (MQ)il,jo (MQ)il,jl (MQ)il,jr,l
JosJ1s 9 Jpr—1

(MQ)i e Mq)i 5, -~ (Mg)i 5,

The following proposition describes the relation between incidence matrices and
(m, 2)-similarities detection.

Proposition 5. For any positive m, consider the (m, 2)-problem and a seed @ of span s.
Denote £ =m — s. Let t € {0,1,...,¢}. Then the following statements are equivalent:

i) the seed @ detects the similarity L[z, j] at position ¢;
if) (MQ)Z#Eft,jw%ft -

Proof. =: The seed @ detects L[i, j] at position ¢, therefore, it also detects L]i] at ¢.
There are three possible situations:

1.

1) i €{0,1,...,t —1};
2)ie{t,t+1,...,t+s—1}and Q,_, = —;
3)ic{t+st+s+1,..,m—1}.
In all these cases, (-*Q-*)
1. Altogether, we get

= 1is satisfied. By the same reasoning, (-¢Q-*) =

i+L—t Jj+e—t

(MQ)i+£—t,j+£—t -
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4.1. Laser method

«: It follows easily from the fact that @) detects the error L[i] at position ¢ if and only
if (-tQ-*7%), = -. O

Now we can introduce the necessary and sufficient condition for (m,2)-problems
solvability.

Theorem 6. Given a seed @ of span s and the (m, 2)-problem. Denote ¢/ = m —s. The
following statements are equivalent:

i) the seed @ solves the (m,2)-problem;

ii) the incidence matrix M, of the seed @2 does not contain any (£+1) x (£+ 1) block
of the form

0 « ... * %
* 0 ... * %
* x ... 0 %
* *x .. « 0

Formally: for all indices i,j € {0,1,...,m— 1}, there exists an index p € {0,1, ..., ¢}

such that <MQ)'+ . =1.
i+p,j+p

Proof. The idea of the proof is similar as in Theorem a in the previous chapter for the
case of one error. Denote M := Mg.

=: Let @ solve the problem and

Mi,j = Mz‘+1,j+1 == Mi+£,j+£ =0
for some i, j € {0,1,...,m — 1}. It follows from Proposition B that
M; ; corresponds to the detection of L[, j] at position ¢,

M.y j+1 corresponds to the detection of L[i, j] at position £ — 1,

M;.¢ jre corresponds to the detection of L[4, j] at position 0.

Therefore,the similarity L7, j] remains undetected by . Thus @ does not solve
the problem.

«: Consider a similarity L[i, j], where 7,7 € {0,1,...,m — 1}. By the correspondence
mentioned above and because there must exist some k& € {0,1,...,¢} such that
M,k jrr = 1, the similarity L[4, j] is detected by the seed @ at position £ —k. [

(2

Corollary 2. If for some i, j and all p € {0,1, ..., ¢} we have
(Mg)

then the seed @ does not detect the similarity L[i, j].

iO’

i+p,j+p

The following lemma can help with the optimization of algorithms which use the
incidence matrices. It implies that we do not have to consider the whole incidence
matrices but only their parts.
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Chapter 4. Two errors

Figure 4.1: A schematic illustration of an incidence matrix Mg in the proof of

Lemma E The considered submatrix M is colored as follows:
| diagonal elements of the incidence matrix;
| (i,)’s in the submatrix M;
remaining (i + p, j + p)’s in the submatrix M;

“unimportant” elements in the submatrix M (they cannot break
the necessary and sufficient condition for the (m,2)-solvability).

Lemma 6. Given a seed ) of span s and its incidence matrix M, let us consider the
(m, 2)-problem for some m. Let us denote £ = m — s and

bi..om—+/0—1

M:=Mq| o m_1

e {0,1}mxm,

Then the following statements are equivalent.

i) @ solves the (m,2)-problem.

ii) For all indices

i€{0,1,...,s—1},
j € {max(—s+1,0),...,min(i + £ —1,m — 1)},

there exists an index p € {0, 1, ..., ¢} such that

~

M.

itpitp = 1 or indices are out of range.

Proof. The lemma is an easy consequence of Theorem E and Observation E A schematic
illustration of an incidence matrix and its submatrix M can be found in Figure 4.1l. [

Remark 7. From now on, in illustrations of incidence matrices, we display only the
“important elements”, i.e., the elements, which are highlighted in Figure @
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4.1. Laser method

|
— = = = O
— = = = O

O O OO OO
el e
= == = =

Table 4.1: An individual beam in the Laser method.

Theorem E can be applied to construct seeds solving (m, 2)-problems. We fix m and
s, then we try to use as many #’s as possible in order to maximize the weight of the seed
while checking if the condition is still not broken.

Now let us introduce a visualization of this procedure, the so-called Laser method.
A great advantage of this method is an easy usage for hand verification on a squared
paper (or using the program presented in Section E)

For the fixed m and s, we start with the seed -°. Then, using some given algorithm,
we add #’s one after one and check the incidence matrix, which can be illustrated as
a square with a mirror formed by the diagonal elements. Each # from the seed
corresponds to a “laser beam” of (0’s. Such beam is targeted to the right, then it is

reflected from the diagonal and changes the direction to the bottom as illustrated in
Table [l]

Ezample 13 (Laser method). Consider (14,2)-problem. A seed () solves our problem if
and only if its incidence matrix does not contain any block of the form

0 * % * * * %
* 0 *x *x *x * %
* % 0 * *x *x *
* x % 0 x * % (4.1)
* x % x 0 x %
* % x 4« x 0 *
* % * x % x 0

For instance, let us consider the seeds

QW) = ##-#-—#,
Q12 = ###—#-##.

The first one solves the (14, 2)-problem (see Table @), whereas the other one does not
(see Table @)

Remark 8. The incidence matrix of a seed can be rewritten using the matrix product of
two vectors Z and (Z)" as Mg = Z-(Z)", where Z € {0,1}™%¢ is a vector of the form of

S
I
TR
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Chapter 4. Two errors

#(0 0 0 0 0 00

#/10 0 0 0 0 0]0 O

#(0 0 0 0 O 0|0 O O

-1 1111 1]0 00 1

#10 0 0 0 0 O|]O O O O O

-1 11111000101

-1 111110001011

#/0 0 0 0 0 0|0 O O O0OO0O0OO0OO
00010110
00010110
0001O0T1T1P0
00010110
0001O0T1T1P0
00010110

Table 4.2: The Laser method for the seed QY = ###-#--# in the (14,2)-problem.
The condition (@) is satisfied, therefore, the seed solves the problem.

#(0 0 0] 0

#1000 0 i 0

#(0 0 0 0 0 [ 0

-1 11 1 o o !

#/0 0 0 0 0N o o

-1 111 0o o1

#/0 0 0 0 00 ofcHo[Eyo

#1000 0 00 0 ofNoljeyo
000101 0JCH
00010100
00010100
00010100
00010100
00010100

Table 4.3: The Laser method for the seed Q(2) = ###-#-## in the (14,2)-problem.
The condition (@) is not satisfied, therefore, the seed does not solve the problem. The
elements breaking the condition are highlighted.
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4.2. Greedy algorithm

for s=1,2,...,m—1do

Q) = -7

create the m x m matrix for the Laser

method;
for i =0,...,s—1do
if it is possible to add laser
number i then
add laser number ¢;

(Q(S))i =#
end
end
end
return

seed of the highest weight from {QM),Q?), ..., Q™1

Algorithm 2: Greedy algorithm on the Laser method for seeking (m, 2)-
seeds.

with some vector § € {0,1}°, where 1 € N is the all-ones vector of length .

Moreover, M, contains the prohibited block if and only if the discrete convolution
of the (£ + 1) x (£ + 1) identity matrix I,,; and Mg has some element equal to 0, i.e.,
we study for which vectors Z of the prescribed form we can obtain

min 1., 3(@)7],  #0.
Z?J 7.]

The correspondence between Z (and ¥ inside) and @ is following:

fo Q=4
T i, = -

4.2 Greedy algorithm

The simplest algorithm to generate seeds solving the (m,2)-problem using the Laser
method can be based on the greedy algorithm. Its description can be found in Algo-
rithm P

Let us derive the space and the time complexity of the algorithm. For every s we
test s-times if it is possible to add a laser. Verification whether a laser can be added
or its actual addition is @(m¥). Hence the worst case time complexity of the algorithm
is O(Z;ﬂ: L sm(m —s)) = O(m*). The space complexity is determined by the size of
matrix, which we use (by Lemma [j we need only an m x m matrix), hence the space
complexity is O(m?).

Considered seeds in the case of the (30,2)-problem can be found in Table @ Best
seeds for (m,2)-problems with m € {6,7,...,40} are presented in Table @

To demonstrate the power of this method, we extend [§, Table 2] to obtain Table @
We see that for m < 500, it provides better results than the “asymptotic method” ([5],
here presented in Remark {) and the “perfect rulers method” from [§]. For small m we
even obtain optimal seeds. It is caused by the fact that the greedy method constructs
seeds as a repetitions of some good cyclic rulers (see Section @)
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Chapter 4. Two errors

s| ¢ w QW
2|28 2 ##
3127 3 #i##
4126 4 #iHt
9| 25 O #HH#
6|24 6 it
7|23 7 #H##
8|22 8 ittt
91 21 9 #tdHH#
10 | 20 10 st
11| 19 10 s —4
12 | 18 11  ##dsHiad#—#4
13 | 17 12 #tsatats—#a44
14 | 16 11 sttt —Hatdt——
15| 15 10 sttt — it ————
16 | 14 11  #ssss—#id-———-#
17 | 13 12  ##dt#—##t————tit#
18 | 12 13  ##d##—##————#####
19 | 11 14 sttt —#it——— e —#it
20 | 10 14  #ttd 44— ——H##44 - 44—
21 9 13  #it#—H#4——— - ———#
22 8 14  #H#—#———#ii - #———HHH#H
23 T 14 #t#-#-—##d-d--$HH-H— -
24 | 6 15 ###—H#——###-#——HHH-#-—H##
25 5 13 ##-#—-##—H#-—-H#H#-#——##-#—-#
26 4 11 ##——-tt#———##———#t———##t——#
271 3 9 #——#—-#-—-#-——H#——H#-——#-—-#——H#—-
28 2 10 #--#--#-—-#-——#-——#-——#——#——-#——#
29| 1 0 =mmmmmmmmmmmmmmmmm e

Table 4.4: Seeds obtained by the greedy algorithm for the (30, 2)-problem. The best
found seed is highlighted.

s: span of sought Q%)
£:m—s
w: weight of Q%)

: seed obtained by the greedy algorithm
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4.2. Greedy algorithm

m| s w QU
6| 2 2 ##
T 2 2 ##
8| 2 2 ##
9 3 3 ##
10| 3 3 #i##
11| 5 4 ###—#
12| 4 4 ####
13| 8 5 ##-#——##
14| 6 5 ####—#
15| 9 6 ###-#——##
16 | 10 7 ###—#——###
17 | 10 7  ###-—#——#i#t#
18 | 12 8 ###—#——###-#
19 | 12 8 ###-#-—-###4-#
20 | 12 8 #HtH-#———H#it#
21 | 13 9  ####-—#-———d#H##
22 116 10 ##—4#——-#H-#——##
23 | 17 11  #t#t—#——###-#——###
24 | 17 11 ##—#——###-#——H###t
25 | 19 12 ###—#—-###-#——##4-#
26 | 16 12  #HHd—##t———H#td##
27 | 16 12 #H—##——— it
28 | 18 13  ####H-##———#H####-#
29 | 19 14 ##st—43#———##44 -4
30 | 24 15 ###t-#--###—#——#4#-#——H###
31| 24 15 ##t#—#——H##—H#——HH#d-#——###
32| 26 16 ##H#-#——##H#—#-—H#H-H——HH#H—#
33 | 24 16 ittt ——— it - it - —— it
34 | 22 16 #Htdtd - ##———— - Hit
35 | 25 17 ittt - — - -

Table 4.5: Results of the greedy algorithm for (m,2)-problems. In the case of more
seeds attaining the maximal weight, only the first seed is included.

s: span of Q")
w: weight of Q™)

Q'™): the best seed obtained by the greedy algorithm for the (m,2)-
problem
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Chapter 4. Two errors

| m [[16]32]48] 64 [80]96 200 ] 300|400 | 500 |

AM[[1][3]10] 12 [21[30] 88 [150[ 210 [ 284
PR || 7 [14[23] 31 [4150[109 166 | 224 [ 283
GA [ 7 1626 35 [46 |57 |128]197 | 266 | 337
O [[7]16]26]>36

Table 4.6: Comparison of methods for (m,2)-design obtained as an extension of [8,
Table 2] (weights of obtained seeds in dependence on m):

AM: “asymptotic method”, the method generating asymptotically optimal
seeds ([b], here described in Remark H));

PR: “perfect rulers method” ([§]);
GA: greedy algorithm using the Laser method (Algorithm E),

O: exhaustive search (optimal seeds).

Moreover, we can significantly improve the efficiency of the algorithm if we study
outputs of the greedy algorithm in details (in Table @ or using the enclosed software).
We observe that, for given m and s, the found seeds are of the form of

a prefix of P* of length s, where P = #%-#°-9

ff) e[ o[

In the following proposition, we only prove that such seed solves the (m, 2)-problem.
The proof is based on results from Section §.3.

Proposition 6. Given an (m,2)-problem and span s € {1,2,...,m — 1}, let us denote
¢ =m — s. Then the seed (4.2) solves the (m,2)-problem.

Proof. Let us denote the span of P by p. It follows from the formulae for a, ¢, and d
that

R if ¢ modp =3,
P= {4+ 1 otherwise.

Further, it is easy to verify that P is a cyclic ruler obtained by the greedy algorithm, as
Lemma B describes. Since p < £+ 1, Theorem [f] guarantees that any substring of P% of
length s solves the (m,2)-problem. O

Lemma 7. For (m,2)-problems, the greedy algorithm does not provide asymptotically
optimal seeds.

Proof. For contradiction, suppose that the greedy algorithm provides asymptotically
optimal seeds, i.e., the limit (@) must hold.
We estimate the function

w(m, s) = weight of the seed of span s produced by the greedy algorithm
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4.3. Cyclic rulers

Figure 4.2: The cyclic ruler ######-—##-#--. With -’s as markers, any integer distance
can be measured with such ruler.

by a function w(m).

With respect to Proposition B, we can make the following estimates.

| mrs | + | ;==L | m—s m—s—1
SR e el

w(m,s) < s

L™

correction of the “tail”

density of #
mes 4 mog=l m—s m—s—1
+ +
B e e = I e e VR R
3 (dm—1)(m—s—1) 3
wim ><7(4 Vm=s=5) o 3 m_1).
16 m—s—1 16
P ——
—a(m)

Since

w(m, s) < w(m,s) _ 3 ( 1)

m - m 16

holds for all admissible s, we have a contradiction with Corollary m Hence, in the
case of (m,2)-problems, the greedy algorithm does not produce asymptotically optimal
seeds. O

4.3 Cyclic rulers

This section is devoted to cyclic rulers — structures which can be used for designing
(m, 2)-seeds. We even have good reasons to believe that there exist no better seeds (i.e.,
seeds of higher weights) than those generated using cyclic rulers.

First we provide a definition and describe basic properties of cyclic rulers including
a connection with perfect rulers. Then we describe some methods for cyclic ruler design.
In the end, we generalize Lemma H, which enables us to use cyclic rulers for (m, 2)-seed
design. We conclude with a conjecture on relation of cyclic rulers and all (m, 2)-seeds.
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Chapter 4. Two errors

4.3.1 Definition and basic properties

Definition 15. Let us have a seed P of span p > 1. We call it (complete) cyclic ruler
if for all d > 0, there exists ¢ > 0 such that

(P); = (P)q = -

Definition 16. A cyclic ruler P of span p is said to be perfect, if every other cyclic ruler
of the same span has lesser or equal weight.

Example 14. We illustrate the cyclic ruler ######--##-#-- which is even perfect, in
Figure @

Definition 17. Let PY) and P® by cyclic rulers. If there exists ¢ such that
P =g, (P?) or P™) = mirror image of o, (P?),

then we say that P(Y) and P are dependent cyclic rulers. Otherwise we call them
independent.

As stated in the following lemma, cyclic rulers are exactly the seeds solving cyclic
(m, 2)-problems.

Lemma 8. A seed P of span p is a cyclic ruler if and only if it solves the cyclic (p,2)-
problem.

Proof. =: Without loss of generality, it is sufficient to show that every similarity
L[0,d], where d € {1,2,...,p — 1}, is cyclically detected by P.

Consider the mentioned similarity for some d. Then there exists ¢ € N such
that (P“); = (P“);.q = - Therefore, L[0,d] is cyclically detected by the seed

PiP;iq+ Py 1= 0; modap(P). Thus L[0,d] is cyclically detected by P.

i+p—

«: Consider some positive d and denote d = d mod p. Hence d = jp + d for some
j > 0. By Definition Q, there must exist ¢ € {0,1,...,p — 1} such that

(0¢(P))g = (04(P))g =~

Hence it holds
(Pw>t = (Pw)Hd” = (Pw>t+d ="
O

Observation 3. Let P be a cyclic ruler. Then P- is a cyclic ruler. If P, ; = #, then

P,P,--P

p—2 18 a cyclic ruler.

This observation implies that, by inserting - to a cyclic ruler at any position or by
removing #, we obtain again a cyclic ruler.

The following lemma describes how to verify if a seed is a cyclic ruler with no need
to perform any cyclic shift of it.

Lemma 9. A seed P of span p is a cyclic ruler if and only if the following statement
holds:

(VA e {1, [B]}) @) (P = Prra =)V (P = Piagpgy=-)).  (43)
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4.3. Cyclic rulers

Proof. The statement (@) is equivalent to the statement

(Vde{l,...,p}) (Fi €{0,....p—1})((PP); = (PP)j1q =),

which is equivalent to the statement

(Vd e {1,....p}) (Fi €{0,....p = 1})((0;(P))g = (05(P))q = =)
The last statement is equivalent to the fact that P solves the (p,2)-problem. O

As a simple corollary of the lemma we obtain what appears in [§, proof of Theorem 1].

Corollary 3. Let R be a complete ruler of span r. Then P = R#"~! is a cyclic ruler.

4.3.2 Cyeclic ruler design
Cyclic rulers can be constructed, for instance, using the following methods:

i) Exhaustive search (optimized, e.g., using the branch&bound method). It provides
optimal cyclic rulers.

ii) Asymptotic method ([3], presented in Remark E) It provides asymptotically
optimal cyclic rulers but not optimal.

iii) Greedy algorithm. It produces cyclic rulers described in the following lemma.
They are not asymptotically optimal (otherwise we would get a contradiction with
w(m)

Corollary [If since lim wml £ 1).

m—+ o0 m

Methods ii) and iii) are compared in Table @

Lemma 10. Let P be a cyclic ruler of span p produced by the greedy algorithm. Then
it holds:
P = go-go-d,

=P =222 a= 2] e

Sketch of the proof. We consider four possible cases in dependence on p mod 4 sepa-
rately. For each case we can find an expression for a, b, and d. Then we can show
that:

where

i) P is a cyclic ruler,
ii) #2+1-P=a=1 jg not a cyclic ruler (proof of this is same for all cases),

iii) every P obtained from P by replacing any - by # is not a cyclic ruler. O

Remark 9. The problem of cyclic ruler design can be reformulated algebraically. For an
arbitrary integer p > 0, consider the additive group 7, = {0,1,...,p — 1} and find its
subset X C Z,, such that
X-X=17,.
A cyclic ruler P € {#,-}P can be obtained from X in the following way:
P=- & ieX

(2

foralli € {0,1,....,p —1}.
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Chapter 4. Two errors

4.3.3 Seed design based on cyclic rulers
The following theorem can be used as a fundamental tool for construction of good seeds.

Theorem 7. If £ > 0 and a seed P of span p € {1,2,...,¢ + 1} solves the cyclic (p, k)-
problem, then every substring @ of P of span s solves the (s + ¢, k)-problem.

Proof. Denote § = £ + 1 — p. By Lemma @ the seed @ solves (s + ¢ — §, k)-problem.
Therefore, (Q must solve also the (s + ¢, k)-problem. O

For every cyclic ruler, we define its characteristic function, which describes maximal
weights of seeds generated by this cyclic ruler. This function if fully determined by the
so-called characteristic vector.

Definition 18. For a cyclic ruler P of span p we define

i) the characteristic function xp : N — N as:

X p(i1) = max{w(F) | F is a substring of P* of length i},

ii) the characteristic vector V(P) € NP as:

xp(0)
v =| X

xpp—1)

Ezxample 15. Consider the cyclic ruler P = #-####--- of span 10. Then the characteristic
function has the following values:

i xpli) F i xpli) F

0 0 € 9 5 #-Ht -

1 1 # 10 6 #-###HH———H#

2 2 ## 11 7 HHHHE———#-H##

3 3 #it# 12 8 HH##H - ——#-HH#H#

4 4 #it## 13 9 HHH#H———#-HH#HH

) 4 #H#H#H- 14 9 HH#HH———H-HHHH -

6 ) H-HHH## 15 10 H-H#HS———#-HH#H

7 ) #-####- | 16 10 H-#H - H -
8 ) #-##—— | 17 10 H-##HH———H-HHHH -

Observation 4. Let P be a cyclic ruler of span p. Then the characteristic function can
be obtained from the characteristic vector in the following way:
i _
) =w(P) - | — V(P
e =w(P)- ||+ (V)
where w(P) denotes the weight of P.

In order to distinguish cyclic rulers generating seeds of the same weights, it is useful
to define an equivalence on the set of all cyclic rulers.

Definition 19. Two cyclic rulers P(Y) and P?) are said to be equivalent if they share
the characteristic vector. We denote it P(1) ~ P(2),
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4.3. Cyclic rulers

Observation 5. Two cyclic rulers share the same characteristic vector if and only if
they share the same characteristic function.

Observation 6. Dependent cyclic rulers are equivalent.

Remark 10. There exist seeds which are equivalent but are not dependent, for instance:

PW) = st #p————
P?) = sttt #————

They both share the characteristic vector:
V(PM) =V (P?)=(0,1,2,22,3,3,3,3,4,4,5,5,5,5) 7.

Now let us propose a method for seed design using cyclic rulers. Given an (m,2)-
problem and a seed span s, denote £ = m —s. Let us consider a set of some precomputed
cyclic rulers P = {P©O), P . Pr=11 of spans lesser of equal to £ + 1. Consider the
set Q of all (m, 2)-seeds construable from the cyclic rulers from 2.

Let us show how to find a seed @ € O of span s of the highest possible weight.
We choose i € {0,1,...,7 — 1} such that x pu (s) is the maximal possible. We denote
P = P% and p = s(P")). Then we find the substring F' of P of length (i mod p) rich
in #’s and take a substring @) of P* of length s such that F' is a prefix of Q.

We believe that something like a converse implication of Theorem B holds, too. We
present it as the following conjecture.

Conjecture 1. Let a seed @ of span s solve an (m,2)-problem. Denote ¢{ = m — s.
Then there exists a cyclic ruler P of span p < £+ 1 such that the seed

Q = prefix of P of length s (4.4)

satisfies w(Q) > w(Q).

Remark 11. According to Theorem [], every seed Q of the form of (@) solves the (m,2)-
problem. Importance of Conjecture [l lies in the fact that it would describe a structure
of all seeds solving the (m, 2)-problem, including the optimal ones. For every such seed
there would exist an associated cyclic ruler, from which we could create a seed of the
smae span having the same or higher weight. In other words, every optimal seed would
be obtainable by a permutation of letters of an optimal seed created from a cyclic ruler.
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Chapter 4. Two errors

function
getHeaviestM2GreedySeed (m):
// variables for the best seed

I

= 0;

Qi O 21 Qv 2y ™
|
=

if s=a+1 then

‘ w = w+ a;

else
if s<a+1+c then
‘ wi=w+s—1;
else
‘ w:i=w+a+ ¢
end

end

end

// we found a better solution
if w>w then

5:=s;

max

= w7

Qy v 2r v g
I
8

end
end
return prefiz of (#*-#°-1)°+1 of
length 5;
Algorithm 3: Greedy algorithm on the Laser method for seeking
(m, 2)-seeds (improved version).
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4.3. Cyclic rulers

p | P w| p

2 [-—- 0 [0.000

3 | #-- 1 ]0.500

4 | #--- 1 ]0.250

5 | #it——- 2 [ 0.400
#—#——

6 | ##-#—- 3 10.500

7 | #an-n—- 410571

8 | #—#——- 4 10.500
it ——#——

#H-##-———
e

9 |##a#—#-— |5 |0.556
-~
-

#Hid-H-#-——
- —H—
#H-H##-H#-——
- H— -

10 | ##s-##-— |6 | 0.600
#Hi#H-#-#-—-
-t
Hit-—H-##—-

11 | #sss—##-——- | 7 | 0.636

HERHH-H-H——

Table 4.7: Independent optimal cyclic rulers.

=

hs)

: span of the cyclic ruler
: obtained cyclic ruler
: weight of P

: density of # in P, p=

w(P)
s(P)

47




Chapter 4. Two errors

p | P ‘ w ‘ p

2 |- 0 | 0.000
3 | #-- 1 10.333
4 | #-—- 1 ]0.250
5 | ##t——- 2 10.400
6 | ##-—#-—- 3 | 0.500
T | H#H-#-—- 4 10.571
8 | #it#-#-——- 4 | 0.500
9 | #H-#——— 5 | 0.556
10 | ####—##——- 6 | 0.600
11 | sttt —44——— 7 10.636
12 | ###d-#—H##-- 8 10.667
13 | #esttttt—H—H#—— 9 0.692
14 | sttt -##———— 9 10.643
15 | #etstttattst— et ———— 10 | 0.667
16 | ####4##—H#-HH#——— 11 | 0.688
17 | ettt — -4t ——— 12 | 0.706
18 | #tttttttat st — -t ——— 13| 0.722
19 | #ettdt -t ——— 14 | 0.737
20 | #tts—d4#-##-——— | 14 | 0.700

Table 4.8: Optimal cyclic rulers. Only one cyclic ruler is presented for each p.

: span of sought cyclic ruler

bS]

P: obtained cyclic ruler

w: weight of P

w(P)
s(P)

p: density of # in P, p=

|m [8]16]32]64]128]200 300 [ 400 | 500 |
GA [4]10[22[46] 94148223298 | 373
AM [3] 9]21[49]106 | 172 | 266 | 361 | 456

Table 4.9: Comparison of approximation methods for cyclic ruler design — weight of
obtained seeds in dependence on m and the used method.

GA: Greedy algorithm

AM: Asymptotically optimal method
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CHAPTER 5

Generalization for more errors

We consider possible generalizations of the results from the previous chapter.

5.1 Laser method

The Laser method is easy to generalize. We should only remark that in more dimensions
each # does not create a laser beam (a “kinked line”) of zeros but a “kinked hyperplane
of the dimension k — 1”7 of zeros (and the mirror is also a hyperplane of the dimension
k—1).

Definition 20 (Generalization of Definition @) For a string W of length n and a
positive integer k, we define a map

b (0.1)7 5 {0,175
as
W), s = {1 T Niegig iyt e =710
0,815 et 0 otherwise,
where the indices ig, iy, ...,i;_q are taken from {0,1,...,n — 1}.

Definition 21 (Generalization of Definition @) For a seed @) of span s and k > 1, we

k times

define k-dimensional incidence matriz Mg € {0, 1} as
Mo = é1 (-°Q-).

Theorem 8 (Generalization of Theorem B) Consider a seed @) of span s, an (m, k)-
problem and denote £ = m — s. Then the following statements are equivalent:

i) the seed @ solves the (m, k)-problem;

ii) for all indices ig,4q,...,9;,_1 € {0,1,...,m—1}, there exists an index p € {0, 1, ..., ¢}
such that
(M) =1

7:0+p7i1+p7"'7ik71+p

Proof. The proof is technically the same as for Theorem B O
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Chapter 5. Generalization for more errors

5.2 Greedy algorithm

The greedy algorithm can be run with the multidimensional Laser method or directly
with the definition of (m, k)-solvability as demonstrated in Algorithm @

for s=1,2,....,m—1do
Q') = -*;
for:=0,...,s —1do
Q1) :=#;
if Q®) does not solve the
(m, k)-problem then

‘ (Q(S))i =7
end
end
end
return

seed with the highest weight from {QM),Q2), ..., Q™m~1)}

Algorithm 4: Greedy algorithm on the Laser method for seeking the
optimal (m, 2)-seed.

The outputs of the greedy algorithm will probably have some periodical structure as
they have in the case of two errors.

5.3 Cyclic rulers

Since cyclic rulers are the same as the seeds solving the cyclic (m,2)-problems, the

generalization of them are seeds solving (m, k)-problems for a higher k. It is also possible

to use them for the seed design since Theorem [f] holds also for all £ > 1. We can keep

the definition of the characteristic function and the characteristic vector in order to use

them for design of seeds from the given precomputed set of cyclic (m, k)-seeds.
Possible generalizations of Conjecture [I| have not been considered yet.

50



CHAPTER 6

Enclosed software

We present programs created for the purposes of this thesis, which can be
found on the enclosed CD. The used languages are C++, Python, and HTML
with JavaScript.

6.1 Laser method

Used languages: HTML with JavaScript
Directory: 1 Laser _method

PROGRAMS

Laser_GUI.html

This program works in the environment of a web browser and is designed
for the (m,2)-problem analysis using the Laser method. Its screenshot can
be found in Figure .1 User can set m and enter a specific seed, for which
it generates the incidence matrix. Then it is possible to add/remove lasers
(changing an individual - to # or vice versa) and increase or decrease m.
Every occurrence of the prohibited diagonal string #¢*1 (implying that the
current seed does not solve the problem) is highlighted.

6.2 Seed design

Used languages: C++
Directory: 2_seed_design

PROGRAMS

1) main_branchbound.cpp
It seeks optimal (m, 2)-seeds using the branch&bound method for the exhaus-
tive search.
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Chapter 6. Enclosed software

Laser method for the (m,2)-problem

Seed= F-——%%

!
(]
B

m= ] V1=3, =6 Increment m Decrement m

| Generate incidence matrix |

Incidence matrix

B: 1011100111
1 io01 1100111
11 o1 11001 11
oo ofJoooooo0o0o0
- i 1o: 100111
- i1t 00110
- 11t 11 o o110
# oooo oo o 0o
# 00000 oo oo
1110111.01
11101110
111011100111

Figure 6.1: GUI for the Laser method

2) main_greedy_laser.cpp
It seeks (m 2 -seeds using the greedy algorithm with the Laser method (see
Algorithm p)

3) main_greedy_imp.cpp

It seeks the same (m,2)-seeds as the greedy algorithm does but in more ef-
fective way (using (@))

CLASSES AND FUNCTIONS

1) seeds.cpp, seeds.h
Auxiliary functions for seeds.
i) int seedWeight(const string &seed);
It returns the weight of the given seed.
ii) void nextPermutation(string &similarity);
It changes the given (m, k)-similarity to the next one (e.g., 111010000 —
111001000).
iii) bool seedSolvesMkroblem(const string &seed, int m,int k);
Test whether the given seed solves the given (m, k)-problem.

2) LaserMethod.cpp, LaserMethod.h
Class LaserMethod.

i) LaserMethod(int m, int s);
Constructor. It initialize the incidence matrix for the (m, 2)-problem and
seeds of span s.
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6.3. Cyclic ruler design

ii) LaserMethod(const LaserMethod& anotherLaserMethod) ;
Copy constructor.

iii) ~LaserMethod() ;
Destructor, it frees all allocated memory.

iv) int getMQ);
It returns m.

v) void addLaser(int laser);
It adds the specified laser.

vi) void removelLaser(int laser);
It removes the specified laser.

vii) bool isLaserAddable(int laser);
It tests whether the given laser is addable (i.e., if the seed associated
to the stored incidence matrix will solve the (m,2)-problem also when
containing # at position laser).

viii) void print(bool debug) ;

It prints the stored incidence matrix in the debug or in the non-debug
mode.

ix) void printQ);
It prints the stored incidence matrix in the non-debug mode.

X) int weight();
It returns the weight of the seed associated to the stored incidence matrix.

xi) operator string();
It returns the seed associated to the stored incidence matrix.

e LM_BranchBound.cpp, LM_BranchBound.h
Class LM_BranchBound.

i) LA_BranchBound(int m);
Constructor. It initializes the incidence matrix for the (m,2)-problem and
seeds of span s.

ii) ~LA_BranchBound();
Destructor. It frees all used memory.
iii) void performBB(int s);
It performs the branch&bound search for the given span s and continuously
prints the current best seed. The branch&bound method perform the depth-
first search in the graph in Figure @ A branch is cut if:
i) the parental node does not solve the (m, 2)-problem;

ii) the currently found best seed has greater or equal weight than the seeds
in the branch could have.

6.3 Cyclic ruler design

Used languages: Python 3
Directory: 3_cyclic_ruler_design
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/W
[##)- - [t (%]

H#H[- - #H—#|- . - #H#— - —#

Figure 6.2: A tree of seeds for the branch and bound method.

PROGRAMS

1) CycRul_as_opt.py
It finds cyclic rulers using the method described in Remark E

2) CycRul_brute_force.py
It seeks cyclic rulers using the brute force algorithm (it probes all strings over
{#,-} of a given length).

3) CycRul_greedy.py
It seeks cyclic rulers using the greedy algorithm.

4) CycRul_greedy_impr.py
It seeks the same cyclic rulers as the greedy algorithm does (the method given
by Lemma [L(] is used).

CLASSES AND FUNCTIONS

CycRul___1ib___.py
Auxiliary functions.

i) is_cycl_ruler(P)
It tests whether the given seed P is a cyclic ruler.

ii) cycl_rulers_dep(CR1,CR2)
It tests whether the given circular rulers C R1 and C'R2 are dependent,
i.e., CR2 can be obtained from C'R1 by a cyclic shift or as a mirror image
of a cyclic shift.

iii) get_independent (CRs)
For the given set of cyclic rulers C'Rs, it returns the biggest possible
subset of C'Rs containing only the independent cyclic rulers.
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6.3. Cyclic ruler design

iv) tex_line(CR)
It prints information about the given cyclic ruler in KTEX array format
(namely the cyclic ruler, its span and weight, and the density of # in the
cyclic ruler.
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CHAPTER 7

Conclusion

7.1 Results

This thesis deals with lossless seeds for approximate string matching. First we introduced
basic definitions and made a survey of existing results for the case of a single seed and
one hit. Then we systematically studied seed design for problems with one and two
errors.

The most important original results presented in this thesis are:

i) Theorem a as a new necessary and sufficient criterion for the solvability of (m,1)-
problems, which can be used together with greedy algorithm for construction of
optimal (m, 1)-seeds (see Chapter E)

ii) The Laser method as a new necessary and sufficient criterion for the solvability of
(m, 2)-problems (see Section {.1)).

iii) Analysis of the greedy algorithm in (m, 2)-problems (see Section @)
iv) Approach of (m,2)-seed design based on cyclic rulers (see Section @) including:

e Theorem B, which is a generalization of the results from the paper [3],

o Conjecture E] implying (if it holds) that for every m, an optimal (m,2)-seed
can be obtained from a cyclic ruler.

v) Computer programs located on the enclosed CD (see Chapter E)

7.2 Further work

During the work on this thesis, a few issues, which have not been solved sufficiently and
require further study, appeared. Let us mention the most important of them.

i) To prove Conjecture m or find a counterexample.

Remark that in the case when the conjecture did not hold, we still could construct
(m, 2)-seeds from cyclic rulers. Nevertheless, we would have no guarantee that we
could obtain optimal ones.

o7



Chapter 7. Conclusion

ii) To describe properties of cyclic rulers — to answer, for instance, the following
questions.

o Is the perfect cyclic ruler design an NP-complete task (as it holds for the perfect
ruler design)?

o Is there any generating function for some perfect cyclic rulers (as an analogy
to the function given by (R.4) for the Wichmann rulers)?

e For which characteristic vectors do the corresponding cyclic rulers exist and
how can we find them?
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