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1. Introduction

The m-bonacci word is a generalization of the Fibonacci word ®viltletter alphabetd = {0, ...
m — 1}. Itis the unique fixed point of the substitutign= ,,, given by the prescription

001,102, ..., (m—2)—0(m—1), and(m — 1) — 0. (1)

In particular, form = 3, we obtain the substitutiod — 01, 1 — 02, 2 — 0 with the fixed point

0102010010201010201001020102010010201010201001020100102010102010010201020100 - - - ,
usually called the Tribonacci word.

The aim of this article is to study a certain combinatoriagarty of then-bonacci word for a general
m. Namely, we examine the balance property, which describ@stain uniformity of occurrences of
letters in an infinite word. In order to give its rigorous défon, let us precise the notation we will
use in the sequel. A factor of an infinite word= ugu u, --- € AN is any finite string in the form
w = Wq1 - - Uipp— for certaini € Ny, n € N, where|w| = n is the length of the factow. The
language of an infinite word, denoted by (u), is the set of all its factors. The number of occurrences
of a given letten € A in afactorw is denoted byw|,. Clearly, " 4 |w|, = |w|. The balance property
is related to the variability ofw|, within the meaning of the following definition.

Definition 1.1. Let ¢ be a positive integer. An infinite wond € AY is said to be--balanced if
lwle — [v]a < c
for all factorsw, v € L(u) of the same length and for each lettee A.

The notion of al-balanced word (originally referred to as “balanced wolttd} been used by Morse and
Hedlund already in 1940 [9] for a characterization of Stamgequences. Since the Fibonacci word (in
our notation2-bonacci word) is Sturmian, it is-balanced.

It was expected and announced in several papers since 281@0dtTribonacci word i8-balanced [6,

3, 14]. This statement has been proved in 2009 (in two diftereys) by Richomme, Saari and Zamboni
[12]. As for a generain > 2, in 2009 Glen and Justin [8] mentioned “tkebonacci word igk — 1)-
balanced”, but to the best of our knowledge, no proof of tihgpsition has ever been published.

The m-bonacci words belong to a broad class called Arnoux—Rauaylsv In the last ten years,
balance properties of Arnoux—Rauzy words have been inelgsstudied. For the most recent results
and a nice overview see [4].

The works of Adamczewski on discrepancy and balance priepeart fixed points of primitive substi-
tutions [1, 2] imply the existence of finite constant&) such that then-bonacci word is:(")-balanced.
Namely, Adamczewski proved that if all eigenvalues of thdrimaf substitution except the dominant
one are of modulus less than 1, then the fixed point of the pviensubstitution is:-balanced for some
c. Itis well known (and explicitly shown in our text as well)ahthe substitution defined by (1) satisfies
the Adamczewski condition.

In the present article, we approach the problem of determgicfi™ by refining the matrix method
used by Adamczewski in [1, 2] (and also by Richomme, Saamtmi in [12] in their Proof 2). Small
values ofm can be treated numerically. We show that
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e the4-bonacci word and the-bonacci word ar&-balanced but nd-balanced:;

e form =6,7,...,12 them-bonacci word is{mT“}balanced, Theorem 3.1.
The approach works for a generalas well. We prove the following theorem.
Theorem 1.2. (Theorem 6.1.)Them-bonacci word is:(™-balanced with

™ = |km| + 12,

_ 2 2w l—cosz ~
wherer = 7 JO  (5—4cosz)In(5—4 cosx) dz ~ 0.58.

Our results confirm the bound= m — 1 proposed by Glen and Justin for all < 12 andm > 29.
Moreover, it turns out that the formerly proposed bound m — 1 is far from being optimal except for
a few small values ofn.

Our article is organized as follows: Section 2 explainsti@teship between balance and discrepancy
and gives a formula estimating the balance constant usiectrspn of the matrix\/ of substitution (1).
In Section 3, we present results obtained by computer ehatuaf this formula. In Section 4, we show
that for estimating the balance constawe can concentrate on the letteonly. Sections 5 and 6 are
devoted to the proof of the main theorem. Our proof requiery detailed information about spectrum
of the matrix/; in Appendix we use standard methods of calculus to desthmibespectrum.

2. Balance property and discrepancy

This section describes the main idea that will be later eppto find for any letter, € {0,...,m — 1}
upper bound on the letter balance constant

¢q = max{|w|, — |v|q : v,w € L(u) and|w| = |vl|}.
The derivation of these bounds uses the following two inigrred.

e them-bonacci sequence defined recursively

To=T1=...=T,,_2=0, Thmo1=1
and
T=Tw 1 +Th2+...+T 2
foranyn > m;
e zerosg = fy > 1,51, .., Bm_1 of the polynomial
plz)=am —2™ - —z—1

It is well known thatp(z) is an irreducible polynomial, its rogt belongs to the intervall, 2), and
the other roots (conjugates 6§ are all of modulus less than(see [5]). From now on, we order the roots
51, - .., Bm_1 according to their arguments, i.e.,

0 <arg(p) <arg(f2) <--- <arg(Bm_1) < 27. 3
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The m-bonacci word is a fixed point of a primitive substitution. eréfore, density:, of any letter
a € Ais well defined and positive, i.e.,
u[nfq

e = lim

> 0,
n—-+o0o n

whereu[n] the prefix ofu of lengthn. We refer to [10], where the problem of letter densities isl&d
in detail.

The valueu, can be interpreted in the way that the “expected” numbertteérign in the prefixu[n]
is ugn. A simple consequence of the definitionof is the following observation.

Observation 2.1. For anye > 0 and for any positive intege¥, there exist factors andw in £(u) such
that
|v|::hﬂ|::pJ’ hUM E:HapJ__g and |Uh S;MapJﬁ-&

Proof:
Assume that there exist > 0 and N > 1 such that for any factot of length N, the inequality
|lwle < wueN — € holds. It means that for the prefix af of lengthn = kN, we obtain|uln]| =

lu[kN]|a < (aN — €)k. This impliesp, = lim 2ole — iy BENL ) < which is a

o ' n—+oo k—+oo
contradiction. The proof of existence ofs analogous. O

The difference between the expected and actual numbertefdetdefines the discrepancy function
D,:N—=R;
Da(n) = |u[n]la — pan

foranyn € N.
Lemma 2.2. For any lettew, denote

A, :=sup Dy(n) — inf Dy(n).
neN neN

ThenA, < ¢, < 2A,.

Proof:
Letw,v € L(u) be factors of the same length such that= |w|, — |v|,. We can find prefixe$) and
V of u such tha¥w and Vv are prefixes ofi as well. Obviously

[wla = [vla = [Wwla = [Wla = [Vola + [V]e = Da([Wwl) = Da([W]) = Da([V0]) + Da([V])
< 2sup Dy(n) — 2 inf D,(n) = 2A,.
neN neN

To deduce the lower bound @g, let us choose > 0. There exist prefixes af, sayu[n;] andu[ny],
such thatD, (n1) > sup,,cy Da(n) — e and D, (n2) < infpcy Do(n) + €, or equivalently

|u[ni]|a > pan1 + sup Dy(n) — €,
neN

[ulna]le < pana + inf Dy(n) +¢.
neN
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First suppose thai; > ny and putN := n; — ny. Denote the suffix ofi[n,] of length N by w.
ThenW contains at least, N + sup,,cy Da(n) — inf,ey Do(n) — 2¢ lettersa.

According to Observation 2.1, there exists a fa¢toof length N such thatW|, < 1, N +e. Hence
Cq > |Wlq — |Wlaq > sup,en Da(n) — infpeny Do(n) — 36 = A, — 3e.

The caser; < ny is analogous. O

To find the valueA,, we apply the method of Adamczewski used in [1, 2]. Let us fiestll the
notation used in this method.

Let M be a matrix of the substitution (1). Since entriesidfare defined as/,;, = |p(b)|, for
a,be {0,1,...,m— 1}, we have

1
1 0 0

M=1]0 0] e RM*™,
O 0 0 ... 10

By ¥(w) we denote the Parikh vector of the warde A*, i.e., ¥ (w) = (Jwlo, |wl1, ..., |[W|m-1)T.
The matrix of a substitution helps effectively calculate #arikh vector of an image undery. It is
easy to see that

U(p(w)) = MU (w) foranyw € A*. 4)
Lemma 2.3. For any prefixu[n| of the m-bonacci wordu, there exist € N anddy, d1,...,d0, € {0,1}
such that ,
U(uln]) =Y 6, M*T(0). (5)
k=0
Moreover, for any choice of € {0,1,2,...} anddy,...,d, € {0,1}, there exists a prefix[n]| of u

such that (5) holds.

Proof:
According to result [7], for any prefix there exist worlg = ¢, Fy_1, ..., F1, Ey (€ is the empty word)
such that

uln] = ¢ (B¢ (Ei1) -+ o(E1) By (6)

and for anyk, the wordE), is a proper prefix ofp(a) for some letten € A.
For our substitutionp, the only proper prefixes @f(a) are E;, = ¢ and Ej, = 0. Since the Parikh
vector of a concatenation of words is the sum of their Parddtars, we have

U(uln]) = Zg:&cq’ <<Pk(0)) ;
k=0

wheres, = 1if E, = 0ands, = 0if E;, = e. Applying formula (4) to¥ (£*(0)), we get (5).
In general, not all sequences 8%, F,_1,...,FE1, Ey correspond to a prefix ofi. The relevant
sequences are described by paths in so called prefix graplbsfitsition. Nevertheless, since for our
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substitution the equality™(0) = ™ 1(0)¢™2(0) - - - »(0)0 holds, any choice oF; € {¢,0} gives a
prefix of u. O

Knowledge of the Parikh vectoF (u[n]) enables us to compute discrepargy(n). To make arith-
metic manipulation more elegant, Adamczewski denotes extovs

R = (0,...,0,1) — pr—1(1,1,..., 1),
and expresses the discrepancy as the scalar product
Dq(n) = h@ ¥ (u[n]). ()

Verification of the formula is straightforward.
Now we can formulate the main tool for estimationcgf

Proposition 2.4. For anya € {0,1,...,m — 1} andk € N, denote

9(a.k) = [¢"(0)| = pa- [ (0)] . ®)
wherey, is the density of the letter in u. Then
9(a,k) = Thym—a—1 — ﬁTlﬁ-m )
and
+00
sup Da(n) — inf Da(n) = kZ:O l9(a, k)|
Proof:

At first, sinceg(a, k) is nothing butD, (|¢*(0)|), equation (7) giveg(a, k) = h{®T(x*(0)). Using
equation (4), we obtaif¥ (©*(0)) = M*¥(0), hence

gla, k) = B MEw(0). (10)
This expression combined with equations (5) and (7) givgg:) = Zf;:o 0rg(a, k), whered,, € {0,1}.

+oo 400

Clearly, sup Dy(n) < > g(a,k) and ianDa(n) > > g(a, k). According to Lemma 2.3, any
neN = ne —
: g(clzk)o>0 g(f,k)0<o

choice ofd;’s corresponds to a prefix af[n], and, therefore, the equalities are reached in the previous
inequalities. To sum up,

+oo “+o0o “+o0o
sup Da(n) — inf Dalm) = > gl k)= Y. glah) = lgla,h)l
neN "e k=0 k=0 k=0

g(a,k)>0 g(a,k)<0
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In order to prove equation (9), let us observe that

Tn Tnfl
Tnfl -y Tn72
Tn—m+1 Tn—m

Since(T—1, Tn—2,--.,To) = (1,0,0,...,0) = (¥(0))T, we get using (10)
g(a, k) = MM @ (0) = B (T p1, Tonpi2, - Ti)T - (11)

It is readily seen that the vectgr= (81, 372,...,3~™)" is an eigenvector al/ corresponding
to the dominant eigenvalug. Moreover, sum of components gfequalsl. It is well known that a
vector ;i with these properties is the vector of letter densities, [$6¢ It means that for any letter
a € {0,1,...,m — 1}, the density of lettet is u, = 3~17¢. If we apply this fact to (11) and use the
relation (2), we find

g(a, k) = Terkfafl - 6_(1_1Tm+k .

O
Corollary 2.5. The balance constants of thebonacci word satisfy
+oo
ca <2 lg(a, k)l (12)
k=0
forall a € A.
Proof:
The estimate follows easily from Lemma 2.2 and Propositidn 2
+oo
ca§2Aa:2<supDan—infDan>:2 g(a, k).
o1 Da(m) = faf Dal) ) =23 lo(e, )
O

Remark 2.6. To estimate the suh_; > |g(a, k)|, we will use the explicit formula for elements, of
the m-bonacci sequence. The characteristic equation of (9)egpttynomialp(x) with zerospg =
B0, B1, - .., Bm_1. Hence there exist constantg, a1, ...,a,,_1 € C such that

T, = a(),@g + alﬁ? 4+ ...+ am_lﬁ%_l.

The constantgg, ay, ..., a,_1 depend on the initial valueg,, 11, ..., T,,_1 only. A standard calcu-

lation providesT,, = Z;”:_Ol ﬁ B, wherep’ denotes the derivative of the characteristic polynomial
J
D-

Using (9), we can conclude with

m—1

1 1 1
g(a, k) = Z (ngwrl o Ba—i—l) p/(ﬁj)’@;ﬁ_m' (13)
J

j=1
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3. Numerical upper bounds on balance constant

According to Corollary 2.5, the letter balance constantthefm-bonacci wordu can be estimated by

the formula
+oo
ca < {22 l9(a, k)\J
k=0

for any lettera € {0,1,...,m — 1} and for allm > 2.

In this section we estimate the expressickrzi,j;’% lg(a, k)|| using a computer calculation. The
calculations are very time-consuming farabovel0, therefore, we confine ourselvesito< 12.

The calculation is based on the following strategy. We sunthepfirstn. members of [g(, 1) |)/ 5
and estimate the rest of them;

+o00 n—1
> lgla, k) <> lgla, k)| + E, whereE satisfies ~ E > > |g(a,k)|.

By formula (13), we obtain

(S 1 1| g™
E a, k)| < E — ,
l9( > ~ <Ba+1 IgaJrl) '(B;)| 1 18]
which provides the following estimate:
w|[ 1 1 1| 1™
Eon == |B; " - !
: |Bjo ?:1: <ﬁ;1+1 ﬁa—l—l) Bi)|1—16;|

where|B;,| = max;c(1, _n-13{|6;]}. To conclude, we have to find anbig enough to satisfy

n—1 n—1
{22 l9(a, k)!J = {2 <Z lg(a, k)| +Ea,n>J : (14)
k=0

k=0

Since we always compute on machines working in a finite pi@ti#t is desirable to reduce the work
with non-integer numbers. Therefore, we make use of thetlfatt for a fixed letter. and the alphabet
cardinalitym, the sequence of numbey&u, k) satisfies then-bonacci recurrence relation

gla,n+m)=gla,n+m—1)+...+g(a,n),

which follows from Proposition 2.4.
Let us demonstrate the method on théonacci word. The first step is calculatinggn g(a, k)

from (9) for all & € {0,...,m — 1} (illustrated in Table 1). Then we expregz;é lg(a, k)| as an
9(a,0)
integer combination (IC) o< ),which can be rewritten in the form+ % for somep, q € Z

g(a,n.z—l)

The calculation must be performed in an environment workingnough precision, e.g., Wolfram Mathematica.
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Table 1. 4-bonacci- g(a, k) with quadruple of integer coefficients in linear combinataf ¢(a,0), ..., g(a,3)
and its signum.
IC of (g(a, k))3_, a=0 a=1 a=2 a=3

g(a,0) (1,0,0,0) +
gla,1) (0,1,0,0) - + — —
9(a,2) (0,0,1,0) — - + —
g(a,3) (0,0,0,1) — - — +
gla,4) (1,1,1,1) + — - -
g(a,5) (1,2,2,2) — + — —
9(a,6) (2,3,4,4) — - + —
9(a,7) (4,6,7,8) — — — +
g(a,8) (8,12,14,15) + + - -
g(a,9) (15,23,27,29) - + + —
g(a, 10) (29,44,52,56) — — + +
g(a,11) (56, 85,100, 108) + — - +
9(a,12) (108,164,193, 208) + + — -

(this follows from Proposition 2.4) and then evaludt¢see Table 2). The final step is verification of the
equality (14).

To make our procedure reliable with respect to possible dimgnerrors, we replace the estimated
error £, ,,, by a constantl > E,, ,,,. If (14) holds, it is equal to the desired upper bound.ofbut it may
not be optimal). In the opposite case, we must increasrad repeat the procedure.

Table 2. 4-bonacci— Estimates OEE’B |g(a, k)| and the resulting upper bound op

H a=10 ‘ a=1 ‘ a=2 ‘ a=3
12 123 39 -133 a7
>latanl as | () (%) () (&)
=0 232 76 —254 —86
IC
12
> lg(a, k)] 1664 — 229 286 — 1037 8499 — 487 1209 — 86
k=0
symbolic
12
> lgla, k)| nu- || 1.2778 1.5157 1.5611 1.5776
k=0
merical
Ea.13 0.20054 0.22213 0.25916 0.31056
12
> lgla k)| +E || 1.49844 1.76006 1.84618 1.91919
k=0
cq Upper bound H 2 3 3 3
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Table 3. Upper estimates of form € {2,...,12},a € {0,...,m — 1}.

m\a o123 |45 |6|7]8]9]1w]n
2 1 1 X X X X X X X X X
3 2 2 2 X X X X X X X X X
4 2 3 3 3 X X X X X X X X
) 2 3 3 3 3 X X X X X X X
6 3 3 4 4 4 4 X X X X X X
7 3 4 4 4 4 4 4 X X X X X
8 3 4 4 4 4 4 4 4 X X X X
9 3 4 5 5 5 5 5 5 5 X X X
10 3 5 5 5 5 5 5 5 5 5 X X
11 4 5 5 6 6 6 6 6 6 6 6 X
12 4 5 6 6 6 6 6 6 6 6 6 6
Our results obtained fon € {2,...,12} are summarized in Table 3.

To find lower bounds on the constafjtone needs to find two factors w of the m-bonacci word
that are of the same length witty|, — |v|, big enough. Computer searching in the set of all factors is
very time-consuming. Nevertheless, for any giver> 4 and anya € {1,...,m — 1}, a modification
of the abelian co-decomposition method [13] allowed us td &rpair of factors, w of the m-bonacci
word such thatv| = |w| and|v|, — |w|, = 3. For instance, ifin = 4, the words

v = 10"(0)¢°(0)9"(0)*(0) ,
w = (2(0)¢* ()" (0)2*(0) ™ " (000" (0)” (0)¢° (D) (0)2*(0) (0)0
are factors ofx such thatv| = |w| = 3305, |v|; — |w|; = 3. Similarly, if m = 5, the words
v=10"(0)¢" (0)2%(0)¢(0),

w = ("(0)¢™(0)¢5 (0)2%(0)) ™" '3(00)62"2(0)2° (0)2* (0)” (0)¢° (0)™ (0)5* (0)0

are factors ofx such thafv| = |w| = 15481, |v|; — |w|; = 3.
Therefore, we can conclude with the following theorem.

Theorem 3.1. Form € {4, 5}, them-bonacci word is=-balanced with: = 3 and this bound cannot be
improved.
Form € {6,...,12}, them-bonacci word is-balanced for = [Z2H].

4. Balance property of letters in them-bonacci word

The numerical calculation, performed in Section 3, is caiet only for small values of. In the rest
of the paper we develop a technique to estimate the constanthe balance property of the-bonacci
word for a generain. The calculation will be again based on formula (12), bug thihe we bring in an
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improvement. Instead of estimating the sums=>% |g(a, k)| for all lettersa € A, we show that in case
of the m-bonacci word, the balance constantdor a = 1,2,...,m — 1 can be estimated by a simple
formula in terms oty providing thatc is small enough, see the following observation.

Proposition 4.1. Letm > 4. If ¢y < 2™~! — 3, then

CjS(Q-%)Co—i-Zl(l—%) (15)

foreachj = 1,2,...,m — 1. In particular, then-bonacci word is-balanced withe = 2¢y + 3.

With regard to this proposition, it will be sufficient to ernﬁttez;:;’g lg(a, k)| and use formula (12) just
once, fora = 0. All the remaining constants, fora = 1,...,m — 1 can be then easily estimated using
formula (15).

Before we prove Proposition 4.1, we derive two simple oletgras.

Observation 4.2. For any factorf of u and for eacly € {1,...,m — 1}, itholds

flo=1£(Nl;  and  [f] =" (f)lj-1-

Proof:

From the form of the substitution (1), we seé;_; = |p(w)|; and|w| = |¢(w)|o for any factorw and
letterj = 1,2,...,m — 1. Applying these relations om = f, w = o(f),..., w = @ ~1(f), we get
the formulae in the observation. O

Observation 4.3. If f is a factor ofu such that f| < 2™, then|f|o < 3|f| + 1.

Proof:

The form of the substitutiorp implies that00 is the longest block of zeros occurringin Further, with
exception of this block, the lettdr is always sandwiched by nonzero letters. It is easy to sadhba
shortest factotw # 00, with the prefix00 and the suffix)0 such thatw has no other occurrences @f,

is the factorw = 0¢™(0)0. Since|w| = 2™ + 1, any factor f with| f| < 2™ contains at most one block
00. This implies the inequality forf |, stated in the observation. O

The following lemma is the combinatorial core for the probPooposition 4.1.
Lemmad4.4. Letj e {1,...,m—1}. If ¢;_1 <2™ —2,then
cjgc0+2+cj2—*1. (16)

Proof:
With respect to the definition af;, there exists a pair of factorsandw such that

lv| = |w and lv]; — wl|; = ¢5. a7
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Without loss of generality, we can assume thandw is the shortest possible pair satisfying (17).
Thenv andw are in the formv = j--- jandw = £ - - - ¢’ for certain/, ¢’ # j. Moreover, we can assume
thatjw is a factor ofu (otherwise we replace = u; - - - u; ;-1 by w' = ;s - - - W; 4|y —1—» Without
violating equations (17)).

Because of the form af, there exists a factdr = 0V’ € £(u) such that = j’ (V’). Clearly,v is
a suffix of o7 (0V') = (V).

Let wzj be a factor ofu such thafz|; = 0 (we extend the factow to the right up to the next letter
7). As jwzj € L£(u) by assumption, there exists a factdr such thatwzj = 7 (W0).

Observation 4.2 implies

o [Vlo=1+V'lo=1+¢/(V')|; = i (V')|; = Iv];
o [Wlo=|W0lo—1=|¢/(WO0)|; — 1 = |wzj|; — 1 = Juwl;
o [VI=1+[V|=1+]p(V)]j-1=1+]v]j1
o [W|=[WO0|-1=[p(W0)|j—1 —1=|wzj|j—1 — 1
Together, we have deduced
Vie=IWlo=¢;  and  [V][—|W][=]v[j_1 — |w[j—1 — [z]j-1 + 2. (18)
We distinguish two cases:

e Case|V| < |W|. LetV = Vz be a factor ofu such thafV’| = |W|. From the definition of;

and (18) we geto > |V]o — [Wlo > [V]o — [W]o = ¢;. Thuse; < ¢ + 2 + =L holds trivially.

e Case|V| > |W|. LetWW = Wy be a factor ofu such tha{l¥| = |V|. Thency > |V |y — |[W|o =
Vo — [Wlo — |ylo = ¢j — |ylo due to (18). To bound length of, we apply Equation (18). It
gives|y| = [V — [W| = |v|j—1 = [wlj—1 = |z]j-1 + 2 <[]0 — w]j—1 +2 < ¢j1 + 2. With
regard to the assumptian_; < 2™ — 2, we havely| < 2™. Therefore |ly|o < 3|y| + 1 due to
Observation 4.3. Tosumupy > ¢; — (3(cj—1+2) +1) > ¢; — 2 — 3¢j-1.

O

Proof:
[Proof of Proposition 4.1] Let us assume thgt< 2~! — 3. We prove equation (15) by induction gn
l. Letj = 1. It holdscy < 2™~ — 3 < 2™ — 2 by assumption, therefore, we can use Lemma (4.4).
ltimpliesc; < ¢o +2+ %, hence indeed; < (2 — 3r) co+4 (1 — 5r).
ll. Let j > 1 and equatior(15) hold for j — 1. Inequalitycy < 2™~ — 3 implies

1 1 )

It allows us to apply Lemma (4.4). Equation (16) gives

1 1 1 1 1 1
Cj§00+2+50j71§60+2+§ Q—F CO+4 1—F = 2—2_J CO+4 1—5 .

In particular, (15) yields; < 2co+4. Asc = max{c; : j =0,1,...,m—1} andc andc, are integers,
necessarily: < 2¢y + 3. O
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5. Estimate of >, % [9(0, k)|

As anticipated in Section 4, the balance constgnwill be obtained using formula 12. Therefore, we
need to estimate the supi; 25 |g(0, k)|. This is the topic of this section; since we deal with theelett
a = 0 only, we abbreviate the symbg(0, k) to g(k).

The sumd_;25 |9(0, k)| will be estimated by splitting it into two partEQm Yg(k) and>212s,, (k)
and estimating each of them separately. In Sections 5.1 2ndeésshow that

2m—1
Z|g |<— and Z|g |<—m+1 forall m > 4.
k=2m

To get these estimates we will exploit bounds on absoluteegahnd arguments of zeros of polynomials
p(z), derived in Appendix A.

2m—1
5.1. Anupper bound on the sum >_ |g(k)|
k=0

At first we expresg(k)'s forall k = 0,1,...,2m — 1 and determine their signs. Recall that=1/5,
therefore, due to equation (8), it holds

1
— |k I P
k) = ‘@ (0)‘O 5 ‘tp (0)‘ : (19)
In the sequel we use the following formula to calculat) for all & < 2m — 1.

Proposition 5.1. It holds

zk fork=0,...,m—1;
‘ )‘ - k—m k—m—1 (20)
-2 — (k—m)2 fork=m,....2m —1.
Proof:
The identity*(0) = ¢ (¢*~1(0)) together with the substitution (1) implies
[ (0)] = 21" (0)] = " (0) -1 - (21)

Let us distinguish two cases.

e Casek < m — 1. It holds ©°(0) = 0 and|©*(0)|,,—1 = O for all & < m — 2, hence|p*(0)| =
2|*=1(0)| forall & < m — 1.

e Casek > m. We prove equation (20) fot € {m, m + 1,...,2m — 1} by induction onk.

l. k = m. We have|¢” '(0)|,,—1 = 1, hence|¢™(0)] = 2| 1(0)] —1 = 2™ — 1. Since
2M 1 =2m — 2m=™ _ (;m —m)2m~ ™1 the statement holds true fér= m

. & > m + 1. Let|p"1(0)] = 2k — 2k=1-m _(k — 1 — m)2k=1=m=1 The identity
"1 (0)[m—1 = |¢*'=™(0)]|, valid for everyk > m + 1, allows us to use the formula (21) in the
form

" (0)] = 20" 1 (0)] = |* 1 (0)] -
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Sincek — 1 —m < m — 1, we can apply the results obtained abéve m — 1, whence we get

|@k(0)| -9 <2k71 . 2k717m . (k‘ _1— m)Qkflfmfl) . Qkflfm — 2k . Qkfm . (k‘ . m)Qkfmfllj

To determine signs af(k)’s defined by (19), we need a fine estimate/n Let us recall thap is
the dominant eigenvalue of the matrix of substitutighand thus a zero of its characteristic polynomial
px)y=am —amt —agm2 ... g1,

Proposition 5.2. It holds

g<o>=1—%>o;

g(/’-c):2’“*1 (1—%) <0 fork=1,...,m—1;

__om—1 _z l .
stm =2 (1-5) 4 5 >0
g(k) = <1—%> (zk—l—(k+1—m)2k—m—2)+%-2’“—m—1 <0 fork=m+1,....2m—1.

Proof:
The formula forg(0) follows immediately from equation (19).
For everyk > 1, it holds|¢*(0)|o = |¢*~1(0)|, hence
1

g(k) = |¢"1(0)| — 3 " (0)],

cf. equation (19). All the formulae fog(k) listed in Proposition 5.2 then follow easily from equa-
tion (20).

In the rest of the proof we show that0) > 0, g(m) > 0, andg(k) < Oforall k € {1,...,m —
Bu{m+1,...,2m—1}.

Atfirst, 8 € (1, 2) immediately implieg;(0) > 0 andg(k) < Oforall k € {1,...,m — 1}.

As for k = m, we shall show that

2m1(1—2>+1>0.
B B

1

2-B<gns

which is valid due to (43) from Appendix, becaus@™ ! > 1/(2™ — (m + 1)/2) for all m > 2.
Similarly, if K > m + 1, we need to prove that

This inequality is equivalent to

2 1
(1—5) <2k—1—(k+1—m)2k—m—2>+B-2’“—m—1<0 fork=m-+1,...,2m—1;

i.e.,
1

2_6>2m_k+1—m
2

foralk=m-+1,...,2m—1.

Sincek + 1 — m < m, the validity immediately follows from inequalities (43). O
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Proposition 5.3. It holds
2m—1 9 1 1

> lgk) =1+ (— - 1> 2@ 1) = (m—-1)2"?] - (2" 1) <14+-. (22

= p p 4
Proof:
Proposition 5.2 implies

2m—1 m—1 2m—1
D lgk) =g(0) = glk) +g(m)— > g(k).
k=0 k=1 k=m-+1

When we substitute fag(k) from Proposition 5.2, we obtain
m—1 2
9(0) + g(m) =142 =3

|

N | —

m—1 m—1 9 9
St =- Y2 (1= ) =@t o (1-3)
k=1 k=1 ﬁ ’8
and, in a similar way, we get
2m—1 9 1
- > gk)=- (1 - —) [2m@2m !t —1) - (m—1)2"7%] - = (2™ - 1) .
k=m+1 ’8 6
Summing up these expressions, we get formula (22).
In the rest of the proof we show thit;”; " |g(k)| < 1 + 1/4, which is obviously equivalent to
@-p "™t -1)—(m-1)2"?] -2 +1< g :
and also to
1 1
@-p)[2m (2™ —1) —(m—-1)2m 24 | —2m 4l <
4 2
Using inequality (43), we obtain
1
(2-2) [2’” (2™ 1 —1) — (m—1)2"2 + ﬂ —om
1 -1 -2 -1
i Tt S Lo s ot S
M+l - +1= [ _ mil =3 ] _mL <
2m+1 2m+1

1 - 2m+1



48 K. Bfinda et al./ Balances af:-bonacci Words

+o0o
5.2.  Anupper bound on the sum " |g(k)|

k=2m

Proposition 5.4. For anyk € N we have

lg(F)| <

m—1
< S =1y 2 1RG) — 1181 (23)
]:1
Proof:
With regard to equation (42) from Appendix,

(m+1)a™ = 2ma™ 1 2™ — 22"+ 1 (m4Da™ = 2ma™ ' p(x)

() — _ = .
Ple) = z—1 (x—1)2 z—1 z—1

Sincep(3;) = 0 for every eigenvalue ai/, we have

, (m+1)B" —2mB" (m+1)8;—2m
p(ﬁj): B]j_l ! = 6]’_]1 6]' L.

Therefore, due to (13),

o1 grem el @ T
_;(E_B>% j=1 . m+1)ﬁj—2mﬂj'
As g(k) is real, we can write
m—1 1 /3 B 6 )
; 5" <(m 18, —2m i~V ) (24)

and estimate

m—1 1 .
il —11-18*%| .
Flﬂ‘m—i—lﬁj—%n | ‘ﬁ]‘
To finish our proof we will deduce forafl=1,...,m — 1,
1 B — Bj 1
- < . 25
ﬁ'(m+1)ﬁj—2m ~ 2(m—1) (25)
Since 3
l‘ B — B; B 1 m—1—(m—-1)% (26)
Blm+1)8—2m|  2(m=1)| m—(m+1)Z
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it suffices to prove that

Bi
m—l—(m—l)F “1
m— (m + 1)52—7
We have ) )
m-1—(m-n% [m-1- —m)] + [mT%wn} on
m—(m+1)Z | [m-2ERE)]+ [RS8
LemmaA.2 implie — 8 < m—+1 < m—+1 ; hence
m—1 m+1
3 < (28)
Therefore ) )
—1 1
[_m - g(@-)} < [—m; %(ﬁn] : (29)
In what follows we demonstrate that
-1
= 1= ) <' - L] (30)
Sincep € (1,2) and|g;| < 1, we have
—1 —|— 1 —1
0<m—1—mT§R(6j):m o R(B;) — (m; —mﬁ >%(ﬁj)-
It holdsR(5;) < 1, and the expressmﬁ‘— m—_1 s positive due to equation 28; therefore
m+1 m-—1 m+1 m—1 1 1
—1+( 5 "3 )?R(ﬂj) < -1+ 5 T 5 —(m—1)<5—5> < 0.
Hence ) )
O<m—1——mﬂ_ %(ﬁj)<m—m+ R(5;) ,
i.e., (30) holds true. Equation (27) together with inediesi (29) and (30) implies
2
‘m— L=m=DF| _ m— (m+ DRE) +(m+ DSG)P _
m— (m+1)5 2m — (m +DR(G;) + [(m + DS
0
Corollary 5.5.
= 1L RB) -1
k)| < —— . J ) 31
2 IS s X T B AT Y
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Proof:
Using (23), we can estimate
m—1 N m—1 ‘6k’2m
— 1 —
> b < gt S @) 11 1841 - () ~ 172
k=2m j=1 k=2m ]:1
Finally, we use Observation A.1 to rewrite;|*™ = 1/]2 — ;|2 O

At this stage we apply the information ¢f;| for j = 1,...,m — 1, derived in Lemma A.3.

Proposition 5.6. It holds

Z 19 1 1 om . 1 — cosv; +mzl COS
g .
el —1)1-2p3 |1 ln3 ]:1 (5 —4cosv;) In(5 — 4cos ;) = 5 —4cosy;
(32)
Proof:
We will estimate summands from inequality (31). In the riota3; = B;e'7, we have
IR(B;) — 1 _ 1-Bjcosy; _1—cosv; + o8,
1— 8] 1-B; 1-B;
thus equation (44) from Appendix implies
1 — cosvy; 1 — cosv; 2m
— 33
1— B, +COS%_IH(5 4cos ;) 1—1n3+COS% (33)
m
Concerning the tern/|2 — 3;|2, it holds
I 1 B 1
23> 4—4Bjcosy;+B? 5 —4cosvy; +4(1 — Bj)cosy; — 2(1 = By) + (1 — B;)?
1 1
<5_4COS/7..1 1_ B, 2—4cosy; *
J B ( B )5 4 cos 7y,
It is easy to see th jzgzz < § therefore, it suffices to estimate- B; from above. Since
1 1 1
BJ - > 2m = m
/4 —4Bjcosy; + B2 V9 VB
and
o 103
n 1 W3 [ ™ LB
7{1/3 - elﬁs (1 + > = ml n3 )
ln3 -1 In3 1
it holds B; > 1“ . Hencel — B; < 1“73 forall j =1,...,m — 1. Consequently,
1n3
1 1 1
(34)

< . .
2—Bj[* " 5—4cosy; 1-—2.13

Inequality (31) combined with estimates (33) and (34) ldadermula (32). O
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The following lemma is an essential component of our catmna It uses the information of,;
obtained in Lemma A.4.

Lemma5.7. It holds

m—1 o

1 —cos~; m 1 —cosz
> <z e -
]:1 (5 —4cosvy;)In(5 — 4cos ;) 2m Jo (5 —4cosv;)In(5 —4cosx)
1 m-1 =« 1
-+ — — 1+ =] . 35
6 + m 16 ( * 36) (35)
Proof:
Let us denote )
— cosx
f) = In(5 —4cosz)’
then
m—1 m—1
1 — cosv; m 277
Z In(5 — 4 cos~; T om E (36)
j=1 %) j=1

The estimate (52) implieg; € ( (j — —) Zn (j + %)) Therefore, the sum (36) is a Riemann sum of
the functionf with respect to the tagged partltlon

i ™ 20 (. 1
— =29 < 21 < ... < Typy—1 =27 — — wherex; = — i+ |,
m m m 2

of interval [%, 21 — %] Let us rewrite the summands of (36) using a trivial identity
27 (o) / fla)da + / (f() = f(@)) da.
—1

Since

FOp) = F@) < e =yl _max (P @) < o=l max (1F @)},

Tj—1,Tj
we have

2 floy) < / fa)do -+ max (1/'a |}/ & — 7l de.

Now we apply another identity, valid for any € [x;_1, z;],

zj Vi zj Vi1 L=

/ |:c—'yj|d:c:/ (’yj—x)dx+/ (w—’yj)dx:/ xdx—}—/ xdz,
Tj—1 Tj—1 g 0 0

which provides us, using the estimate (52), the inequality

/xj
.,

j—

™ ™ ™ ™

m T om m " 6m 2 1
1|x—’yj|dx§/0 :cd:c+/0 xdxzm 1—|—% .
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Hence

o< [ e e (170 = (14 5)-

2m— 2 , 7-(2 .
/1 f(x)dx”m—l)xglmg;){lf @)} (1+%>> .

m

Consequently,

m—1
> Fy) < % (
J

Furthermore, it can be checked thfdtr) > 1/6 for all z € (0,7/2) U (37/2,27) andlim,_,¢ f(z) =
1/4 > 1/6, hence

/%m flx)dx = 02ﬂf(x)d:c—/0m f(ac)d:c—/;7T flx)dz < %f(x)d:c—%-é.

T T— T 0
m

Finally, a numerical calculation givesax,cjo ox){|f ()} < +. To sum up,

—_

m—

Z 1 — cosvy;
c— (5 — 4 cosy;)In(5 — 4cos ;)

7j=1
2w 2
m 1 —cosx 2r 1 1 =« 1
< — de — — . = D= — (1+—
~ 27 </0 (5 —4cosv;) In(5 — 4cos x) T 6 +(m )8 m? ( * 36>> ’
whence we obtain the sought formula (35). O
Lemma 5.8. It holds
m—
COS m b
— <4 37
]25 4cos'yj_6+6 37)
Proof:
If we define,, := 2m, we can write
m—1 m
Z COS _m 2_7r cosy;
= 5 — 4 cosy; 27rj:1 m 5 — 4cos;
The sum3_7" L EE f () for fv) = 5_‘1’?3(?57 will be c_aICL_JIated in a similar way as in_ 'Fhe proof of
Lemma 5.7. Namely, it is a Riemann sum of the functfowith respect to the tagged partition
T T 2r (. 1
— =20 <11 < ... < Tyl < Ty = 27 + —, wherez; = — (j+ < |,
m m m 2

of interval [%, 2w + %] . Following the steps of the proof of Lemma 5.7, we obtain

Zf(w)é
Flm 2+ I 2 1 2
<n /; Fla)de+ (n 1) max (@D (1456 )+ 5 max (177 m)

m 2t 2 1
<% /;; flx)dz +m- én[oagc)ﬂ ()|}W (1—}—%))



K. Bfinda et al./Balances af:-bonacci Words 53

With regard to the properties 0bs, we find

2m+ = T

m cos T CcosS r 5 T T
——dzx =2 —dzx =2 |—— + —arct <3t —) = —.
/1 5—dcosz /0 5—dcosz [ 4+6arc Py L) 3

m

Furthermore,

To sum up,

e COS 7Y, m (T 9 7 1 m 7 119 m 5
ST R L (RN R ) R R R P
Z5 4 cos ; 2%(3+8 m(+36 6+2 +36 8 6+6

]7

| A

O
Proposition 5.9. For allm > 4, it holds
Z lg(k)| < —m +1, (38)
k=2m
where )
4 1—coszx
A= dz =~ 0.909. 39
/0 (5—4cosz)In(5 —4cosx) v (39)
Proof:
Recall that
m—1 m—1
Z o 1 1 2m Z 1 —cosv; n Z COS 7;
g ) n n
el —1)1— 203 | ln3 = (5 —4cosv;) In(5 — 4cosy;) = 5 —4cosvy;j

cf. formula (32). If we estimate the sums using inequali(i&s) and (37), we obtain

- 1 1 2m mA 1+m—1 T 1+1 +m_l_{") A 1
. — A4 — = — —+ - —-——m-1.
2(m—1) 1— 203 {113 \ 27 6 m 16 36 6 6 27

A numerical integration givesl ~ 0.909 € (0.9,0.91). For such value of4, the expression above is
negative for allm > 4; i.e.,

Z!g \——m—1<0 forallm > 4.
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6. Main result
Theorem 6.1. For everym > 5, them-bonacci word is:-balanced with

c=|km|+12,

_ 2 2w 1—cosx ~
wherer = mJO (5—4cosz)In(5—4cosx) dz ~ 0.58.

Proof:

In Propositions 5.3 and 5.9 we showed

2m—1
Z]g and Z\g ]<—m+1 forall m > 4;
k=2m
therefore,
“+o0o A
94 = 4
D190,k <+ -m, (40)
k=0
1— ~
whereA = f (5—4cosz (ljr??; 4cosz) dz ~ 0.909.

Having this bound in hand, we can use Corollary 2.5 to esérttat balance constant of letteby

+oo A
<23 g0.0)] < §+ 2
k=0

Since% + ém < 2m=1 _ 3 for anym > 5, the assumption of Proposition 4.1 is fulfilled and thus
the m-bonacci word is:-balanced with

= 24
=2 < < -
c=2c0+3<3+4> [g(0,k)] <12+ —m,
k=0
which proves the theorem.
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A. On eigenvalues of\/

In this section we examine the eigenvalues of the matrix b§sttion. In particular, we estimate their
absolute values and arguments. Such information is easémtiestimating the sumgz’go_l lg(0, k)|
and>"25 |9(0,k)| in Section 5.

Let us recall that the eigenvalues of the matrix of sub&itufl/ are zeros of its characteristic poly-
nomialp(x) = 2™ —a™ ! —gm~2—_ .. —x—1. The following observation will make further calculations
substantially simpler.

Observation A.1. Every zero of the polynomial(z) is a root of the equation
"2 —-z)=1. (41)

Proof:
For everyx # 1, we can write
m _ q m+1 _ 2™ 1
p(:c):acm—x _Z T . (42)

r—1 r—1

In particular,p(3;) = 0 impliesﬂ]m+1 — 2" +1 = 0, whencep; is a root of equation (41). O
At first we derive a fine estimate gh which is needed for calculating the s i’:o’l lg(0, k)|.

Lemma A.2. The dominant eigenvalue > 1 of the matrix of substitution\/ obeys the inequalities

1 1

S <2—ﬁ<72m_m;1.

(43)
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Proof:
Observation A.1 implieg™ (2 — 5) = 1, henceS < 2. Let us setry := 2 — 5. Obviously,z is a root
of the polynomial

g(z)=2—-2)" - x—1.

Sincep € (1,2), necessarilyrg € (0,1). It holds¢'(z) = (2 — 2)™ (2 — x — mx), thereforeg grows
in [0,2/(m + 1)] and decreases i2/(m + 1), 1]. Sinceq(0) = —1 andg(1) = 0, the rootz, belongs
to the interval(0,2/(m + 1)), in which ¢ grows. Consequently, proving inequalities (43) consists i

showing that
1 0 1
4\ 5m— ™ <0<gq om _mil mTH .

Let us start with the estimate 8f— 5 from above. We have

m m
1 _ (5 1 1 1= (1 1 1 1
9\ 5m— mil | = gm —mEL | gm _mil T 2l —(m+1)) 1- ;L

Since(1 + x)™ > 1+ ma forall x € (—1,1), it holds

q 1 1- 2m+11n(m+1) - _2m+11n(m+1) + g}ntll B 2m+1 _ (m + 1)2
om _ m+1 1—2mm—"'_~_11 1_2mm_++11 [2m+1(1_;}nt11)]2_

for all m > 3. Hence,g (1/(2” - mT“)) > 0 for allm > 3. If m = 2, the statement can be proved
in the same way, just we use the exact expresgion z)? = 1 + 2z + 22 instead of the estimate
(I4+2)™ >1+ma.

Let us proceed to the estimatef- 5 from below.

1 _(, (R S ) 1 "_m
Nom—m )= \"Tom—m) om—2 T o s oomtl _(_2m+1>'

Forallz € (—1,0), itholds (1 + z)™ < 1 + mx + (% )2?; therefore,

) 1 " ) m ) m m(m — 1) ) m
Coomtl _ gy ) ( _2m+1> < _2m+1_m+2(2m+1_m)2 N +2m+1

2
SR L — (—2m+2+2m+m—1+2m+2—4m+m—>

2(2m+1 — m)2 2m
_ m 1 m2
= om0
for all m > 2. Henceg (1/(2™ — %)) <0. O
Now we proceed to the eivenvaluggfor j = 1,...,m — 1. For the sake of convenience let us set

Bj = |B]| andyj = arg(ﬂj), ie.,

Bj =B  forallj=1,...,m—1.
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Lemma A.3. It holds

| —4 ; 1
|5j|<1_w(1_n_3> (a4)
2m m

forallj=1,...,m—1.

Proof:
Since the valugs; = Bjei%' is a solution of equation (41), necessarily

| BIe™ i (2 — Bje )P = 1.
Hence
Bf™ (4 —4Bjcosy; + B;) =1. (45)

Note that ifm > 1, then obviouslyB; ~ 1. Therefore, equation (45) can be expressed approximately
as
szm(4—4cosvj+1)%1 form>1.

Consequently, forn > 1 we have

In(5—4 cos 'y]-)

1 QLm 2m
1 N
()

—In(5—4 cos ;) . .
:O+JJ nq o MO deosy) g

1 In(5—4 cos’yj)
_B‘7 ~— = 2m ~

2m 2m
With regard to this approximation, let us set

In(5 — 4 cos ;)

Bj=1- (1+95), (47)

2m

for all m, whered; compensates the error of the approximation (46). Compdhiagtatement (44) with
the definition ofé;, we shall prove that

In3
5j>_n— forallj=1,....m—1.
m

We proceed by contradiction. Let there bg & {1,...,m — 1} such thatj; < —1“73. (Note that
necessarily; > —1, becauses;’s are of moduli less than one.) For all> o > 1, it holds

1 « z 1 -1 %x_l T 1 a
E— = [1 z +
-2y (e55) | s) ]

X «

< ea71 = (ea) T—o
SinceB; =1 — ¢ for x = 2m anda = (1 + §;) In(5 — 4 cos v;), we have

Qs

(146;) In(5—4 cos v,;) (146,;) In(5—4cos ;)
1+ J J 146, (1 J J )
1 < (e(1+5j)1n(5*4(705"{j)) Im—(1+8;) In(5—4cos7;) _ (5—4.cos ’Yj)( ) It sm— 5, m5—1cos ;)

2m
B;
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Our assumption oh; impliesé; < 0, therefore
(1+9;)In(5 —4cos ;) < In(5 —4cosvy;)
2m — (1 +6;)In(5b —4cosvy;) — 2m —In(5 — 4cosy;)

hence
n(5—4cos~y;)
(1+5')(1+ﬁ)
ﬁ<(5—4008’yj) ’ 2= dcon;) (48)
J

At the same time we have from equation (45)

1

o = 4 —4Bjcosy; + BJ2 =5—4dcosv; + (1 — Bj)(4cosvy; —2) + (1 — B;)?
J

>5—4cosvyj + (1 — Bj)(4cosvy; —2). (49)
Putting inequalities (48) and (49) together, we get

146; (1+71i<i74f05”). )
(5— 40087]-)( D\ mmE=reos 3 >5—4cosvy;+ (1 — Bj)(4dcosy; —2);
hence

1+6j) In(5—4 cos 'yj)

—(1+9;) In(5—4cos v;) >1 + (1 _ B_])

(
6;+(146;) 5 4cosy; —2
(5= deosqy) " 5 deosy

J

This gives, with regard to equation (47),

(@+(1+@)%) In(5—deos;) | M@ +65)
2 J

m 5—4cosvy;

4dcosy; — 2

e (50)

Sinces; < —8 < _InBdcosy) by assumption, it holds

In(5 — 4 cos ;)

5+ (1+6;)

)

2m —In(5 — 4cosy;) ~

therefore, the exponent in (50) is negative (or zero). Meeeca simple analysis of the exponent, using
the facty; > —1, leads to the inequality

<5j + (14 95)
The convexity of the exponential function implies
et —1
b
forall b < = < 0. Therefore, the left hand side of (50) obeys

In(5 — 4 cos ;)

In(5—4 ) > —1n9 forallv; € R.
2m—ln(5—4cosvj)> ( cosy;) 2 —In i€

ef —1<

x

In(5—4 cos~,)
<6]-+(1+6]-)WM) In(5—4 cos ;)

€
1— e—ln9

In(5 — 4 cos~;)
< -
In9

(5]- +(1+65) >ln(5—4008’7j)

In(5 — 4 cos~;)

2m — In(5 — 4 cos ;)

i<5j+(1+5j)

= 1 _4 7 ) .
oo ) n(b —4cosvy;)

2m — In(5 — 4 cos ;)
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Inequality (50) together with this estimate imply
In(5 — 4 cos ;) In(5 — 4 cos ;) dcosvy; — 2
— s 144, J In(5—4 . N P ) =" =
91n9(J+( * J>2m—ln(5—4cos'yj) a( cos5) > 2m (1+ 3)5—40057]-
We divide both sides bin(5 — 4 cos v;), which is allowed due te; # 0 (recall thatg; ¢ (0, +oo) for
allj=1,...,m—1); hence
In(5 — 4cos~,) 9In9 144, 4cosvy;—2
S (146 J . J . J ) 51
j ])Zm—ln(5—4cosyj) 8 2m 5 —4cosv; (1)
Forallvy; € R, In(5 —4cosv;) <In9and
deosy=2 .3 .32
5 — 4 cosy; 5 — 4 cosy; 9 3
therefore, with regard to inequality (51),
In9 9In9 144; -2 3In9
8 + (1465 : .= 1+46;).
]+(+])2m—ln9> 8 2m 3 m(+])
Consequently,
1+ ! + 5 d; > ! 5
2m —In9  8m/) 2m—In9 8m’
hence ) X
2m—In9 + 8m
5]‘ 2 _1 1 3
* o me T am
This is a contradiction with the assumption< —1“73, because
1 3
1 S5 T 8n
3 _ Znlnd Sm_ forallm > 2.
m I+ 5w + m
O
Lemma A.4. The arguments of; satisfy
2 T .27
j— — —,j— + — 52
7V (Jm ol 6m> (52)

forallj=1,...,m—1.

Proof:

Equation (41) hasn + 1 solutions, hamely, g and gy, ...

every sector

27
]__
m

27

6m’)'m

s

Sj = {Beiﬂf

B>0,’y€<

s

6m

, Bm—1. Therefore, it suffices to show that

)} forj=1,....m—1
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contains exactly one solution of equation (41).
Let
8 = Be

be a solution of (41), i.e., ' .
B™e™ (2 - Be'") =1.

Hence _

my = —arg (2 — Be") +2jr  foracertainj € Z. (53)
We can obviously assumjee {0, 1,...,m — 1} without loss of generality. Since the solutiohand
of equation (53) are obtained fer= 0, and, therefore, fof = 0, we prove the statement in two steps:
1. We demonstrate that equation (55) has exactly one soltgicevery; = 1,...,m — 1. 2. We show
that the solution corresponding fdelongs to the sectd; for everyj =1,...,m — 1.

It holds .
2 — Be" =2 — Bcosy —iBsinvy,

hence

—Bsiny  —siny

— iy = -
tan(arg(2 — Be')) 2 — Bcosy % —cos7y

Furthermore B < 1 implies2 — B cos~ > 0, hence

arg(2 — Be) € (—7/2,7/2), (54)
i.e., we can write ]
arg (2 — Bei”’) = arctan 2_5& .
5 —Ccos7y
To sum up, equation (53) is equivalent to
m7y — arctan Sy _ 257 . (55)
5 —cosy
Foreveryj = 1,...,m — 1, the left hand sidd.(y) = m~y — arctan %ZSV of equation (55), regarded
as a function ofy with a fixed B < 1, is continuous and satisfies 7
0=L(0) < 2jm < 2mm = L(2m).
Also, a simple calculation gives
2
£cosy—1
L'(y)=m-—2 7 >m— >m—1>0.
2 2 <
(F) —2-5cosy+1 B
Consequently, equation (55) has indeed exactly one solfioeveryj = 1,...,m — 1. The solution

satisfiesny — 2j7 € (—n/2,7/2). With regard to the numbering (3), we conclude that
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Now we improve this estimate in order to proyge S;. Since2/B; > 2forall j =1,...,m — 1, we
have
— siny; sin 7y;
% —cosyj| ~ |2—cosv; ’
It is easy to show that
i 1
' Sy 'g— forally e R,
2 —cosy 3
hence
L 1
arctan — ST < arctan — = T (56)
B — C08Y; V3 6

By substituting estimate (56) into equation (55), we obtaatement (52). O
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